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STRAIGHT LINES AND
LINEAR FUNCTIONS

PhotoDisc

HIS CHAPTER INTRODUCES the Cartesian coordinate system,

a system that allows us to represent points in the plane in
terms of ordered pairs of real numbers. This in turn enables us to
compute the distance between two points algebraically. We also
study straight lines. Linear functions, whose graphs are straight
lines, can be used to describe many relationships between two
quantities. These relationships can be found in fields of study as
diverse as business, economics, the social sciences, physics, and
medicine. In addition, we see how some practical problems can be
solved by finding the point(s) of intersection of two straight lines.
Finally, we learn how to find an algebraic representation of the
straight line that “best” fits a set of data points that are scattered

Because the over-65 population will be coatiia stEleliiine

growing more rapidly in the next few
decades, U.S. health-care expenditures
are expected to be boosted significantly.
What will be the rate of increase of
these expenditures over the next few
years? How much will health-care
expenditures be in 20142 In

Example 1, page 29, we use a
mathematical model based on figures
from the Centers for Medicare and

Medicaid to answer these questions.
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STRAIGHT LINES AND LINEAR FUNCTIONS

The Cartesian Coordinate System

FIGURE 1
The real number line

A Y
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FIGURE 2
The Cartesian coordinate system
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FIGURE 3

An ordered pair in the coordinate plane

The Cartesian Coordinate System

The real number system is made up of the set of real numbers together with the usual
operations of addition, subtraction, multiplication, and division. We assume that you
are familiar with the rules governing these algebraic operations (see Appendix B).

Real numbers may be represented geometrically by points on a line. This line is
called the real number, or coordinate, line. We can construct the real number line as
follows: Arbitrarily select a point on a straight line to represent the number 0. This
point is called the origin. If the line is horizontal, then choose a point at a convenient
distance to the right of the origin to represent the number 1. This determines the scale
for the number line. Each positive real number x lies x units to the right of 0, and each
negative real number x lies —x units to the left of 0.

In this manner, a one-to-one correspondence is set up between the set of real num-
bers and the set of points on the number line, with all the positive numbers lying to the
right of the origin and all the negative numbers lying to the left of the origin (Figure 1).

Origin

4
1

¢ ¢ ¢ - et x
4 -3 -2 T—] 0 T 1 Tz 3T 4
/3

In a similar manner, we can represent points in a plane (a two-dimensional space)
by using the Cartesian coordinate system, which we construct as follows: Take two
perpendicular lines, one of which is normally chosen to be horizontal. These lines
intersect at a point O, called the origin (Figure 2). The horizontal line is called the
x-axis, and the vertical line is called the y-axis. A number scale is set up along the
x-axis, with the positive numbers lying to the right of the origin and the negative num-
bers lying to the left of it. Similarly, a number scale is set up along the y-axis, with the
positive numbers lying above the origin and the negative numbers lying below it.

Note The number scales on the two axes need not be the same. Indeed, in many
applications, different quantities are represented by x and y. For example, x may rep-
resent the number of cell phones sold, and y may represent the total revenue resulting
from the sales. In such cases, it is often desirable to choose different number scales to
represent the different quantities. Note, however, that the zeros of both number scales
coincide at the origin of the two-dimensional coordinate system. ]

We can represent a point in the plane that is uniquely in this coordinate system by
an ordered pair of numbers—that is, a pair (x, y) in which x is the first number and
y is the second. To see this, let P be any point in the plane (Figure 3). Draw perpen-
dicular lines from P to the x-axis and y-axis, respectively. Then the number x is pre-
cisely the number that corresponds to the point on the x-axis at which the perpendic-
ular line through P hits the x-axis. Similarly, y is the number that corresponds to the
point on the y-axis at which the perpendicular line through P crosses the y-axis.

Conversely, given an ordered pair (x, y) with x as the first number and y as the
second, a point P in the plane is uniquely determined as follows: Locate the point on
the x-axis represented by the number x, and draw a line through that point perpendic-
ular to the x-axis. Next, locate the point on the y-axis represented by the number y, and
draw a line through that point perpendicular to the y-axis. The point of intersection of
these two lines is the point P (Figure 3).

-
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FIGURE 4
Several points in the coordinate plane

FIGURE 5
The four quadrants in the coordinate
plane
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1.1 THE CARTESIAN COORDINATE SYSTEM 3

In the ordered pair (x, y), x is called the abscissa, or x-coordinate; y is called the
ordinate, or y-coordinate; and x and y together are referred to as the coordinates of
the point P. The point P with x-coordinate equal to a and y-coordinate equal to b is
often written P(a, b).

The points A2, 3), B(—2, 3), C(—2, —3), D2, —3), EG3, 2), F(4, 0), and
G(0, —5) are plotted in Figure 4.

Note In general, (x, y) # (y, x). This is illustrated by the points A and E in Figure 4.
y
40
B(=2,3)s 2 A(2,3)
2 2 E(3,2)
F(4,0)
—t : f——+—>x
-3 -1 1 3 5
2l
C(-2,-3)¢ *D(2,-3)
41
+ G(0,-5)
—6+

The axes divide the plane into four quadrants. Quadrant I consists of the points P with
coordinates x and y, denoted by P(x, y), satisfying x > 0 and y > 0; Quadrant II con-
sists of the points P(x, y) where x < 0 and y > 0; Quadrant III consists of the points
P(x, y) where x < 0 and y < 0; and Quadrant IV consists of the points P(x, y) where
x> 0and y < 0 (Figure 5).

Quadrant II
(=)

Quadrant I
(++)

> X

Quadrant III
(=-)

The Distance Formula

Quadrant IV
(+-)

One immediate benefit that arises from using the Cartesian coordinate system is that
the distance between any two points in the plane may be expressed solely in terms of
the coordinates of the points. Suppose, for example, (x;, y;) and (x,, y,) are any two

FIGURE 6
The distance between two points in the
coordinate plane

points in the plane (Figure 6). Then we

Distance Formula

The distance d between two points
given by

have the following:

Py (x1, y;) and P,(x,, y,) in the plane is

d= \/(x2 - xl)z + (32 — )’1)2 1

For a proof of this result, see Exercise 46, page 8.

-
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4 CHAPTER T STRAIGHT LINES AND LINEAR FUNCTIONS

In what follows, we give several applications of the distance formula.

Explom & Discuss

Refer to Example 1. Suppose EXAMPLE 1 Find the distance between the points (—4, 3) and (2, 6).
we label the point (2, 6) as
P, and the point (—4, 3) as Solution Let P(—4, 3) and P,(2, 6) be points in the plane. Then we have

P,. (1) Show that the dis-
tance d between the two
points is the same as that X, = Y, =6
obtained earlier. (2) Prove
that, in general, the distance
d in Formula (1) is indepen- d = \/[2 _ (_4)}2 + (6 — 3)2
dent of the way we label the

two points. = Ve + 32
= V45
=35 [

Using Formula (1), we have

APPLIED EXAMPLE 2 The Cost of Laying Cable In Figure 7, S represents
m the position of a power relay station located on a straight coastal highway,
and M shows the location of a marine biology experimental station on a nearby
island. A cable is to be laid connecting the relay station at S with the experimental
station at M via the point Q that lies on the x-axis between O and S. If the cost of
running the cable on land is $3 per running foot and the cost of running the cable
underwater is $5 per running foot, find the total cost for laying the cable.

I y (feet)
as) M(0, 3000)
N
AN
AN
\\
AN
A
N\
\\
FIGURE 7 - AW o) x (feet)
The cable will connect the relay station S o 0(2000, 0) $(10,000, 0)

to the experimental station M.

Solution The length of cable required on land is given by the distance from § to
Q. This distance is (10,000 — 2000), or 8000 feet. Next, we see that the length of
cable required underwater is given by the distance from Q to M. This distance is

V(0 = 2000)% + (3000 — 0)> = \/2000* + 30002

= V13,000,000
=~ 3606
or approximately 3606 feet. Therefore, the total cost for laying the cable is approx-
imately
3(8000) + 5(3606) = 42,030
dollars. ]

EDE) EXAMPLE 3 Let P(x, y) denote a point lying on a circle with radius r and center
C(h, k) (Figure 8). Find a relationship between x and y.

Solution By the definition of a circle, the distance between C(h, k) and P(x, y)
is r. Using Formula (1), we have

Vi —hy?+ (v -k =r

-
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1.1 THE CARTESIAN COORDINATE SYSTEM

y which, upon squaring both sides, gives the equation
(x —h)?+(y—k)}?=r?

P(x.y) which must be satisfied by the variables x and y. u

A summary of the result obtained in Example 3 follows.

Equation of a Circle

An equation of the circle with center C(h, k) and radius r is given by

FIGURE 8
A circle with radius r and center C(h, k) (x — h)z AL (y _ k)2 — r2 (2)
EXAMPLE 4 Find an equation of the circle with (a) radius 2 and center (—1, 3) and
(b) radius 3 and center located at the origin.
Solution
a. We use Formula (2) with r = 2, h = —1, and k = 3, obtaining
[x=(-DP+(y-37=2
(x+ 12+ (y—3)7=4
(Figure 9a).
b. Using Formula (2) with » = 3 and 4 = k = 0, we obtain
2+ y2 = 32
x2 + y2 =9
(Figure 9b).
y y
3
3
> X
-3 3
t t > X
-1 1
-3
(a) The circle with radius 2 and (b) The circle with radius 3 and
FIGURE 9 center (—1, 3) center (0, 0) |

Explor& & Discuss

1. Use the distance formula to help you describe the set of points in the xy-plane satisfying
each of the following inequalities, where » > 0.
a (x—h)P?+(-—k?2=r? e(x—h)2+(y—k)3?=r2
b.(x—h)z-i-(y—k)z<r2 d.(x—h)2+(y—k)2>r2

2. Consider the equation x> + y> = 4.

a. Show thaty = =V4 — x2.

b. Describe the set of points (x, y) in the xy-plane satisfying the equation

(i)y=\/4—x2 (ii)y=—\/4—x2

-
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6 CHAPTER T STRAIGHT LINES AND LINEAR FUNCTIONS

Self-Check Exercises

1. a. Plot the points A(4, —2), B(2, 3), and C(—3, 1). gle-engine light plane has a range of 650 mi, can the pilot
b. Find the distance between the points A and B, between make the trip without refueling in City B?
B and C, and between A and C.
c. Use the Pythagorean Theorem to show that the triangle y (miles)
with vertices A, B, and C is a right triangle.
2. The accompanying figure shows the location of Cities A, B, 3001 €(600,320)
and C. Suppose a pilot wishes to fly from City A to City C 1
but must make a mandatory stopover in City B. If the sin- 2001
100+
B(200, 50)
—t——t——+—+—+—+——+——+—+——+——+—+—+—> x (miles)
A(0,0) 100 200 300 400 500 600 700

Solutions to Self-Check Exercises 1.1 can be found on page 9.

Concept Questions

1. What can you say about the signs of a and b if the point 2. a. What is the distance between P,(x,, y,) and P(x,, y,)?
P(a, b) lies in (a) the second quadrant? (b) The third b. When you use the distance formula, does it matter
quadrant? (c) The fourth quadrant? which point is labeled P; and which point is labeled

P,? Explain.

Exercises

In Exercises 1-6, refer to the accompanying figure and deter- In Exercises 7-12, refer to the accompanying figure.
mine the coordinates of the point and the quadrantin which itis
located. Y
y Bo 4
1 2 °A
D' T C- D
1 e e B )
51 A -6 -4 -2 2 4 . 6
Be £ -2¢4F
E-
14 -4

7. Which point has coordinates (4, 2)?

=37 ¢ r 8. What are the coordinates of point B?
_ 5 9. Which points have negative y-coordinates?
B » 10. Which point has a negative x-coordinate and a negative
y-coordinate?
1. A 2. B 3. C 11. Which point has an x-coordinate that is equal to zero?
6. F 12. Which point has a y-coordinate that is equal to zero?

-
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In Exercises 13-20, sketch a set of coordinate axes and then plot

the point.

13. (—2,5) 14. (1, 3)

15. 3, -1) 16. (3, —4)
17. (8, -2) 18. (-3.2)

19. (4.5, —4.5) 20. (1.2, =3.4)

In Exercises 21-24, find the distance between the points.

21.
23.
24.
25.

26.

27.

28.

(1,3)and 4, 7) 22. (1,0) and (4, 4)
(—1,3)and (4, 9)
(=2, 1) and (10, 6)

Find the coordinates of the points that are 10 units away
from the origin and have a y-coordinate equal to —6.

Find the coordinates of the points that are 5 units away
from the origin and have an x-coordinate equal to 3.

Show that the points (3, 4), (=3, 7), (=6, 1), and (0, —2)
form the vertices of a square.

Show that the triangle with vertices (=5, 2), (—2, 5), and
(5, —2) is a right triangle.

In Exercises 29-34, find an equation of the circle that satisfies the
given conditions.

29.
30.
31.
32.
33.
34.
35.

Radius 5 and center (2, —3)

Radius 3 and center (—2, —4)

Radius 5 and center at the origin

Center at the origin and passes through (2, 3)
Center (2, —3) and passes through (5, 2)
Center (—a, a) and radius 2a

Distance TRAVELED A grand tour of four cities begins at City
A and makes successive stops at Cities B, C, and D before
returning to City A. If the cities are located as shown in the
accompanying figure, find the total distance covered on the
tour.

y (miles)

C(-800, 800)

T B (400, 300)

D(-800, 0)

x (miles)

-500 A(0, 0) 500

v

36.

37.

38.

39.

40.

1.1 THE CARTESIAN COORDINATE SYSTEM 7

DeLivery CHARGEs A furniture store offers free setup and
delivery services to all points within a 25-mi radius of its
warehouse distribution center. If you live 20 mi east and
14 mi south of the warehouse, will you incur a delivery
charge? Justify your answer.

OpTmimiziNng TRAVEL Time Towns A, B, C, and D are located
as shown in the accompanying figure. Two highways link
Town A to Town D. Route 1 runs from Town A to Town D
via Town B, and Route 2 runs from Town A to Town D via
Town C. If a salesman wishes to drive from Town A to
Town D and traffic conditions are such that he could
expect to average the same speed on either route, which
highway should he take to arrive in the shortest time?

A y (miles)

C(800, 1500) D(1300, 1500)

1000 + @
1 @
] B (400, 300)
—t—t—F+—+—+—+ x (miles)
A0, 0) 1000

Minimizing SHIPPING CosTs Refer to the figure for Exercise
37. Suppose a fleet of 100 automobiles are to be shipped
from an assembly plant in Town A to Town D. They may
be shipped either by freight train along Route 1 at a cost
of 66¢/mile/automobile or by truck along Route 2 at a cost
of 62¢/mile/automobile. Which means of transportation
minimizes the shipping cost? What is the net savings?

Consumer Decisions Will Barclay wishes to determine
which HDTV antenna he should purchase for his home. The
TV store has supplied him with the following information:

Range in miles

VHF UHF Model Price
30 20 A $50
45 35 B 60
60 40 C 70
75 55 D 80

Will wishes to receive Channel 17 (VHF), which is located
25 mi east and 35 mi north of his home, and Channel 38
(UHF), which is located 20 mi south and 32 mi west of his
home. Which model will allow him to receive both chan-
nels at the least cost? (Assume that the terrain between
Will’s home and both broadcasting stations is flat.)

Cost oF LavinG CagLe In the accompanying diagram, S rep-
resents the position of a power relay station located on a
straight coastal highway, and M shows the location of a
marine biology experimental station on a nearby island. A
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cable is to be laid connecting the relay station at S with the
experimental station at M via the point Q that lies on the
x-axis between O and S. If the cost of running the cable on
land is $3/running foot and the cost of running cable under-
water is $5/running foot, find an expression in terms of x that
gives the total cost of laying the cable. Use this expression
to find the total cost when x = 1500 and when x = 2500.

y (feet)
s M(0, 3000)
\\
N
N
N
N
\
N
N
\
N
a =1 x (feet)
0 0(x,0) $(10,000, 0)

41. Distance BETween SHips Two ships leave port at the same

time. Ship A sails north at a speed of 20 mph while Ship B

sails east at a speed of 30 mph.

a. Find an expression in terms of the time # (in hours) giv-
ing the distance between the two ships.

b. Using the expression obtained in part (a), find the dis-
tance between the two ships 2 hr after leaving port.

42. Distance Between SHips Sailing north at a speed of

25 mph, Ship A leaves a port. A half hour later, Ship B

leaves the same port, sailing east at a speed of 20 mph. Let

t (in hours) denote the time Ship B has been at sea.

a. Find an expression in terms of ¢ that gives the distance
between the two ships.

b. Use the expression obtained in part (a) to find the distance
between the two ships 2 hr after Ship A has left the port.

43. WATCHING A Rocket LAuncH At a distance of 4000 ft from

the launch site, a spectator is observing a rocket being
launched. Suppose the rocket lifts off vertically and reaches
an altitude of x feet, as shown below:

Rocket

Launching pad
(N
f—— 4000 ft ——]

Spectator Y

a. Find an expression giving the distance between the
spectator and the rocket.

b. What is the distance between the spectator and the rocket
when the rocket reaches an altitude of 20,000 ft?

v

In Exercises 44 and 45, determine whether the statement is true
or false. If it is true, explain why it is true. If it is false, give an
example to show why it is false.

44.

45.

46.

47.

48.

If the distance between the points P(a, b) and P,(c, d)
is D, then the distance between the points P(a, b) and
Ps(ke, kd) (k # 0) is given by |k |D.

The circle with equation kx? + ky? = a? lies inside the cir-
cle with equation x* + y? = 4, provided that k > 1 and
a>0.

Let (x;, y;) and (x,, y,) be two points lying in the xy-plane.
Show that the distance between the two points is given by

d= \/(xz - xl)z + (- )’1)2

Hint: Refer to the accompanying figure, and use the Pythagorean
Theorem.

y
(X2, ¥2)
‘ Y2= 0 ‘
(x5 )
e |
> X

a. Show that the midpoint of the line segment joining the
points P, (x;, y;) and Py(x,, y,) is

(xl tx oyt )’2)
2 2

b. Use the result of part (a) to find the midpoint of the line
segment joining the points (—3, 2) and (4, —5).

In the Cartesian coordinate system, the two axes are per-

pendicular to each other. Consider a coordinate system in

which the x-axis and y-axis are noncollinear (that is, the
axes do not lie along a straight line) and are not perpendic-
ular to each other (see the accompanying figure).

a. Describe how a point is represented in this coordinate
system by an ordered pair (x, y) of real numbers. Con-
versely, show how an ordered pair (x, y) of real numbers
uniquely determines a point in the plane.

b. Suppose you want to find a formula for the distance
between two points, Pl(xl, yl) and Pz(xz, yz), in the
plane. What advantage does the Cartesian coordinate sys-
tem have over the coordinate system under consideration?

y
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1.2 STRAIGHT LINES 9
Solutions to Self-Check Exercises
1. a. The points are plotted in the following figure. The distance between A and C is
y dA,C) = V(-3 —-42+[1-(-2)]
1 V(TP R VB TO= VS
B23) c. We will show that
- 3{ [d(A, O)) = [d(A, B)” + [d(B, O))
—_— From part (b), we see that [d(A, B)? = 29, [d(B, C)]
= = 29, and [d(A, C )]2 = 58, and the desired result fol-
lows.
| 2. The distance between City A and City B is
=57 d(A, B) = V2007 + 502 =~ 206
b. The distance between A and B is or 206 mi. The distance between City B and City C is
dAB) = V(2 -4 +[3 - (-2)] d(B, C) = V(600 — 200)? + (320 — 50)?
V(2P + 5 =VET 5=V = V4002 + 2702 ~ 483
The distance between B and C is or 483 mi. Therefore, the total distance the pilot would

d(B,C) = V(=3 —2) + (1 — 3)?

have to cover is 689 mi, so she must refuel in City B.

= V(=572 +(-2)*=V25+4=V29

Straight Lines

FIGURE 10
Linear depreciation of an asset

In computing income tax, business firms are allowed by law to depreciate certain
assets such as buildings, machines, furniture, and automobiles over a period of time.
Linear depreciation, or the straight-line method, is often used for this purpose. The
graph of the straight line shown in Figure 10 describes the book value V of a network
server that has an initial value of $10,000 and that is being depreciated linearly over
5 years with a scrap value of $3000. Note that only the solid portion of the straight line
is of interest here.

N 8 V($)
10,000 -

(5, 3000)
N

N
I >t
1 2 3 4 5

Years

3000 1

The book value of the server at the end of year ¢, where ¢ lies between 0 and 5,
can be read directly from the graph. But there is one shortcoming in this approach: The
result depends on how accurately you draw and read the graph. A better and more
accurate method is based on finding an algebraic representation of the depreciation
line. (We continue our discussion of the linear depreciation problem in Section 1.3.)

-
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To see how a straight line in the xy-plane may be described algebraically, we need
first to recall certain properties of straight lines.

Slope of a Line

Let L denote the unique straight line that passes through the two distinct points
(x1, y1) and (x5, y,). If x; # x,, then we define the slope of L as follows.

Slope of a Nonvertical Line

If (x;, y;) and (x5, ,) are any two distinct points on a nonvertical line L, then the
slope m of L is given by

A —_
m = 8y _Y2" N 3)
Ax  x —x

(Figure 11).

A Y L
(%2, ¥,)
Y=y =4y
(CARY)
X, —x; = Ax
> X
FIGURE 11
y L If x; = x,, then L is a vertical line (Figure 12). Its slope is undefined since the denom-

inator in Equation (3) will be zero and division by zero is proscribed.

Observe that the slope of a straight line is a constant whenever it is defined. The
number Ay = y, — y; (Ay is read “delta y”) is a measure of the vertical change in y,
and Ax = x, — x; is a measure of the horizontal change in x as shown in Figure 11.
(£ ¥,) From this figure we can see that the slope m of a straight line L is a measure of the

rate of change of y with respect to x. Furthermore, the slope of a nonvertical straight
line is constant, and this tells us that this rate of change is constant.

Figure 13a shows a straight line L, with slope 2. Observe that L, has the property
that a 1-unit increase in x results in a 2-unit increase in y. To see this, let Ax = 1 in

(xlvyl)

FIGURE 12
The slope is undefined if x; = x,.
Ay y
Ll
LZ
m=2 2 1 m=-1
-1
1
X X

FIGURE 13 (a) The line rises (m > 0). (b) The line falls (m < 0).



‘48149_01_ch1_p001—066 1172710 10:35 AM Page 11 $

1.2 STRAIGHT LINES 11

Equation (3) so that m = Ay. Since m = 2, we conclude that Ay = 2. Similarly, Fig-
ure 13b shows a line L, with slope —1. Observe that a straight line with positive slope
slants upward from left to right (y increases as x increases), whereas a line with neg-
ative slope slants downward from left to right (y decreases as x increases). Finally,
Figure 14 shows a family of straight lines passing through the origin with indicated
slopes.

FIGURE 14 Explor& & Discuss

A family of straight lines . . L. .
Show that the slope of a nonvertical line is independent of the two distinct points used to

compute it.

Hint: Suppose we pick two other distinct points, P3(x3, y3) and P4(x4, y4) lying on L. Draw a pic-
ture, and use similar triangles to demonstrate that using P; and P, gives the same value as that
obtained by using P; and P,.

EXAMPLE 1 Sketch the straight line that passes through the point (—2, 5) and has
slope —3.

Solution First, plot the point (—2, 5) (Figure 15). Next, recall that a slope of —%
indicates that an increase of 1 unit in the x-direction produces a decrease of § units
in the y-direction, or equivalently, a 3-unit increase in the x-direction produces a
3(%), or 4-unit, decrease in the y-direction. Using this information, we plot the point
(1, 1) and draw the line through the two points.

FIGURE 15
L has slope —% and passes through t
(~2,5). -3 n
EXAMPLE 2 Find the slope m of the line that passes through the points (—1, 1) and
y (5, 3).
5 +
1 S 5 Solution Choose (x;, y,) to be the point (—1, 1) and (x,, y,) to be the point (5, 3).
34 G Then, withx; = —1,y, = 1, x, = 5, and y, = 3, we find, using Equation (3),
1Ll Y2~ Vi 3-1 2 1
/'/" m = = = — = —
=t X Xy — X 5—(—1) 6 3
-3 -1 1 3 5

FIGURE 16 (Figure 16). You may verify that the result obtained would be the same had we cho-
L passes through (5, 3) and (—1, 1). sen the point (—1, 1) to be (x,, y,) and the point (5, 3) to be (x;, y,). [ ]

EXAMPLE 3 Find the slope of the line that passes through the points (—2, 5) and
(3,9).
Solution The slope of the required line is given by
5—-5 0
m=———=—= O
3—-(-2) 5
(Figure 17).
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AY
6 =+
(=2,5) (3.5

4 -

2 4
FIGURE 17 — >
The slope of the horizontal line L is zero. -2 2 4 [ |

Note The slope of a horizontal line is zero. ]

AR
FIGURE 18
L, and L, have the same slope and hence
are parallel.

We can use the slope of a straight line to determine whether a line is parallel to
another line.

Parallel Lines

Two distinct lines are parallel if and only if their slopes are equal or their slopes
are undefined.

EXAMPLE 4 Let L, be a line that passes through the points (—2, 9) and (1, 3), and
let L, be the line that passes through the points (—4, 10) and (3, —4). Determine
whether L, and L, are parallel.

Solution The slope m, of L, is given by

3—-9
m; = 1_7(_2) = -2
The slope m, of L, is given by
-4 - 10
m, 273 T = =2
Since m; = m,, the lines L, and L, are in fact parallel (Figure 18). [ |

Equations of Lines

We now show that every straight line lying in the xy-plane may be represented by an
equation involving the variables x and y. One immediate benefit of this is that prob-
lems involving straight lines may be solved algebraically.

Let L be a straight line parallel to the y-axis (perpendicular to the x-axis) (Fig-
ure 19). Then L crosses the x-axis at some point (a, 0) with the x-coordinate given by
X = a, where a is some real number. Any other point on L has the form (a, y), where
y is an appropriate number. Therefore, the vertical line L is described by the sole
condition

X =ada

and this is accordingly an equation of L. For example, the equation x = —2 represents
a vertical line 2 units to the left of the y-axis, and the equation x = 3 represents a ver-
tical line 3 units to the right of the y-axis (Figure 20).
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Ay y
L sl
(@ y)
x=-2 37T x=3
1 “+
(a,0)
et | — —t x
-3 | -1 1 5
FIGURE 19 FIGURE 20
The vertical linex = a The vertical lines x = =2 and x = 3
y I Next, suppose L is a nonvertical line, so it has a well-defined slope m. Suppose
) (x1, y;) is a fixed point lying on L and (x, y) is a variable point on L distinct
from (x, y;) (Figure 21). Using Equation (3) with the point (x,, y,) = (x, y), we find
that the slope of L is given by
Y =N
(x5 yp) m =
X X — xl
Upon multiplying both sides of the equation by x — x;, we obtain Equation (4).
FIGURE 21
L passes through (x;, y;) and has
slope m.
Point-Slope Form of an Equation of a Line
An equation of the line that has slope m and passes through the point (x;, y;) is
given by
y =y =m(x = x) 4)
Equation (4) is called the point-slope form of an equation of a line because it uses a
given point (x;, y;) on a line and the slope m of the line.
EXAMPLE 5 Find an equation of the line that passes through the point (1, 3) and
has slope 2.
Solution Using the point-slope form of the equation of a line with the point (1, 3)
and m = 2, we obtain
y—3=2(x—1) y =y =mx—x;)
which, when simplified, becomes
2x—y+1=0
(Figure 22).
FIGURE 22 —
L passes through (1, 3) and has slope 2. |
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EIE) EXAMPLE 6 Find an equation of the line that passes through the points (—3, 2) and
“4, —D.

Solution The slope of the line is given by

_ =2 _ 3
4 — (=3) 7
Using the point-slope form of the equation of a line with the point (4, —1) and the

slope m = —3, we have

y+1

3
_; (X - 4) y =y =mx—xp)

Ty + 7= —=3x+ 12
3x+7y—5=0

(Figure 23).
y

4<>

I 1

3.2) 51

bt x
-4 -2 2~ 4
4, -1)

FIGURE 23 -27

L passes through (=3, 2) and (4, —1). u

We can use the slope of a straight line to determine whether a line is perpendicular to
another line.

Perpendicular Lines

If L, and L, are two distinct nonvertical lines that have slopes m, and m,, respec-
tively, then L, is perpendicular to L, (written L; L L,) if and only if

my = ———
ny

If the line L, is vertical (so that its slope is undefined), then L, is perpendicular to
another line, L,, if and only if L, is horizontal (so that its slope is zero). For a proof of
these results, see Exercise 92, page 22.

EXAMPLE 7 Find an equation of the line that passes through the point (3, 1) and is
perpendicular to the line of Example 5.

Ay
51 Solution Since the slope of the line in Example 5 is 2, it follows that the slope of
+ the required line is given by m = —3, the negative reciprocal of 2. Using the point-
L~_¢ slope form of the equation of a line, we obtain
1 1
1/ y - 1= —E(X—:;) y—y =mx—x)
+ X
2y —2=—x+3
FIGURE 24 x+2y—5=0
L, is perpendicular to L, and passes .
through (3, 1). (Figure 24). [
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Exploring with
TECHNOLOGY

1. Use a graphing utility to plot the straight lines L; and L, with equations
2x + y—5=0and41x + 20y — 11 = 0 on the same set of axes, using the
standard viewing window.

a. Can you tell whether the lines L, and L, are parallel to each other?
b. Verify your observations by computing the slopes of L, and L, algebraically.

2. Use a graphing utility to plot the straight lines L, and L, with equations
x+ 2y —5=0and5x —y + 5 = 0 on the same set of axes, using the stan-
dard viewing window.

a. Can you tell whether the lines L, and L, are perpendicular to each other?
b. Verify your observation by computing the slopes of L, and L, algebraically.

Y A straight line L that is neither horizontal nor vertical cuts the x-axis and the
L y-axis at, say, points (a, 0) and (0, b), respectively (Figure 25). The numbers a and b
©.5) are called the x-intercept and y-intercept, respectively, of L.

Now, let L be a line with slope m and y-intercept b. Using Equation (4), the point-
slope form of the equation of a line, with the point given by (0, b) and slope m, we have

y—>b=mx—0)

@0 y=mx +b
FIGURE 25
The line L has x-intercept a and
y-intercept b. Slope-Intercept Form of an Equation of a Line

The equation of the line that has slope m and intersects the y-axis at the point
(0, b) is given by

y=mx+ b 5)

EXAMPLE 8 Find an equation of the line that has slope 3 and y-intercept —4.

Solution Using Equation (5) with m = 3 and b = —4, we obtain the required
equation:

y=3x—4 u

EXAMPLE 9 Determine the slope and y-intercept of the line whose equation is
3x —4y = 8.

Solution Rewrite the given equation in the slope-intercept form. Thus,

3x —4y =38
—4y=-3x+38
3
y = Zx -2
Comparing this result with Equation (5), we find m = % and b = —2, and we con-

clude that the slope and y-intercept of the given line are 3 and —2, respectively. ™

-
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Exploring with
TECHNOLOGY

1. Use a graphing utility to plot the straight lines with equations y = —2x + 3,
y=—x+3,y=x+ 3,and y = 2.5x + 3 on the same set of axes, using the
standard viewing window. What effect does changing the coefficient m of x
in the equation y = mx + b have on its graph?

2. Use a graphing utility to plot the straight lines with equations y = 2x — 2,
y=2x—1,y=2x,y=2x + 1,and y = 2x + 4 on the same set of axes,
using the standard viewing window. What effect does changing the constant
b in the equation y = mx + b have on its graph?

3. Describe in words the effect of changing both m and b in the equation y =
mx + b.

of a local sporting goods store plotted sales versus time for the last 5 years
Ay and found the points to lie approximately along a straight line (Figure 26). By

[ ViDEO 3 m APPLIED EXAMPLE 10 Sales of a Sporting Goods Store The sales manager

70 using the points corresponding to the first and fifth years, find an equation of the
E 60 trend line. What sales figure can be predicted for the sixth year?
[}
3 50
g 40 l Solution Using Equation (3) with the points (1, 20) and (5, 60), we find that the
8 slope of the required line is given by
< 30 ‘
b5 J—
2 60 -2
2 T2 3 4 s ¢ F Next, using the point-slope form of the equation of a line with the point (1, 20)
Years and m = 10, we obtain
FIGURE 26 - _ oy = r —
Sales of a sporting goods store y - 20 = 10()6 1) y =y =m(x = x)
y=10x + 10

as the required equation.
The sales figure for the sixth year is obtained by letting x = 6 in the last
equation, giving
y =10(6) + 10 = 70
or $700,000. ]

art object purchased for $50,000 is expected to appreciate in value at a
constant rate of $5000 per year for the next 5 years. Use Equation (5) to write an
equation predicting the value of the art object in the next several years. What will
be its value 3 years from the purchase date?

m APPLIED EXAMPLE 11 Appreciation in Value of an Art Object Suppose an

Solution Let x denote the time (in years) that has elapsed since the purchase

EXMV& & Discuss date and let y denote the object’s value (in dollars). Then, y = 50,000 when
Refer to Example 11. Can the x = 0. Furthermore, the slope of the required equation is given by m = 5000,
equation predicting the value of since each unit increase in x (1 year) implies an increase of 5000 units (dollars)
the art object be used to predict in y. Using Equation (5) with m = 5000 and » = 50,000, we obtain

long-term growth?

y = 5000x + 50,000 y=umx+0b
Three years from the purchase date, the value of the object will be given by
y = 5000(3) + 50,000
or $65,000. [ |

-
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FIGURE 27
To sketch 3x — 4y — 12 = 0, first find the
x-intercept, 4, and the y-intercept, —3.

1.2 STRAIGHT LINES 17

General Form of an Equation of a Line

We have considered several forms of the equation of a straight line in the plane. These
different forms of the equation are equivalent to each other. In fact, each is a special
case of the following equation.

General Form of a Linear Equation
The equation
Ax+By+ C=0 (6)

where A, B, and C are constants and A and B are not both zero, is called the gen-
eral form of a linear equation in the variables x and y.

We now state (without proof) an important result concerning the algebraic repre-
sentation of straight lines in the plane.

THEOREM 1

An equation of a straight line is a linear equation; conversely, every linear equa-
tion represents a straight line.

This result justifies the use of the adjective linear in describing Equation (6).

EXAMPLE 12 Sketch the straight line represented by the equation
3x—4y—12=0

Solution Since every straight line is uniquely determined by two distinct points,
we need to find only two points through which the line passes in order to sketch it.
For convenience, let’s compute the points at which the line crosses the x- and y-
axes. Setting y = 0, we find x = 4, the x-intercept, so the line crosses the x-axis at
the point (4, 0). Setting x = 0 gives y = —3, the y-intercept, so the line crosses the
y-axis at the point (0, —3). A sketch of the line appears in Figure 27.

AY

1 @, (3/
+ + + + + + X

Here is a summary of the common forms of the equations of straight lines dis-
cussed in this section.

Equations of Straight Lines
Vertical line: x =a
Horizontal line: y = b
Point-slope form: y — y;, = m(x — x;)
Slope-intercept form: y = mx + b
General form: Ax + By + C =0

-
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v

Self-Check Exercises

1. Determine the number a such that the line passing through
the points (a, 2) and (3, 6) is parallel to a line with slope 4.

2. Find an equation of the line that passes through the point
(3, —1) and is perpendicular to a line with slope —3.

3. Does the point (3, —3) lie on the line with equation
2x — 3y — 12 = 0? Sketch the graph of the line.

4. Sateute TV Suescrieers The following table gives the
number of satellite TV subscribers in the United States (in
millions) from 2004 through 2008 (¢ = 0 corresponds to
the beginning of 2004):

Year, ¢ 0 1 2 3 4
Number,y 225 248 27.1 29.1 30.7

a. Plot the number of satellite TV subscribers in the United
States (y) versus the year (7).

b. Draw the line L through the points (0, 22.5) and (4, 30.7).

c¢. Find an equation of the line L.

d. Assuming that this trend continues, estimate the number
of satellite TV subscribers in the United States in 2010.

Sources: National Cable & Telecommunications Association and the
Federal Communications Commission.

Solutions to Self-Check Exercises 1.2 can be found on
page 23.

Concept Questions

1. What is the slope of a nonvertical line? What can you say
about the slope of a vertical line?

2. Give (a) the point-slope form, (b) the slope-intercept form,
and (c) the general form of an equation of a line.

3. Let L, have slope m; and let L, have slope m,. State the
conditions on m, and m, if (a) L, is parallel to L, and (b) L,
is perpendicular to L,.

IWA Exercises

In Exercises 1-4, find the slope of the line shown in each figure.

1. AY
4<>

4
t
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In Exercises 5-10, find the slope of the line that passes through
the given pair of points.

5. (4,3)and (5, 8)

25. The slope of the line is negative, and its x-intercept is neg-
ative.

6. (4,5) and (3, 8) 26. The slope of the line is negative, and its x-intercept is pos-

7. (=2, 3) and (4, 8) 8. (=2, —2) and (4, —4) (it)ive-
a y
9. (a, b) and (c, d) 44
10. (—a+ 1,b— 1l)and (a + 1, —b) +
11. Given the equation y = 4x — 3, answer the following ques- T
tions. ! ’ ° —
a. If x increases by 1 unit, what is the corresponding — | x
change in y? -4 1 2
b. If x decreases by 2 units, what is the corresponding 1
change in y?
12. Given the equation 2x + 3y = 4, answer the following (b) y
questions.
a. Is the slope of the line described by this equation posi- Y'
tive or negative?
b. As x increases in value, does y increase or decrease? +
c. If x decreases by 2 units, what is the corresponding 1
change in y? ) L .
“+ 4 \
In Exercises 13 and 14, determine whether the lines through the
pairs of points are parallel. T
13. A(1, —2), B(—3, —10) and C(1, 5), D(—1, 1)
(c)
14. A2, 3), B(2, —2) and C(—2, 4), D(—2, 5)
3 +
In Exercises 15 and 16, determine whether the lines through the T
pairs of points are perpendicular. 4
15. A(—2,5), B(4,2) and C(—1, —2), D(3, 6) f —t . . x
-3
16. A(2,0), B(1, —2) and C(4, 2), D(—8, 4) 1
17. If the line passing through the points (1, @) and (4, —2) is 4l
parallel to the line passing through the points (2, 8) and
(=7, a + 4), what is the value of a?
(d) y
18. If the line passing through the points (a, 1) and (5, 8) is Al
parallel to the line passing through the points (4, 9) and
(a + 2, 1), what is the value of a? T
2 +
19. Find an equation of the horizontal line that passes through 1
(=4, =3).
+ + + + + + > X
20. Find an equation of the vertical line that passes through -2 ﬁ 4
(0. 5). 1
In Exercises 21-26, match the statement with one of the graphs
(a)- (. ©
21. The slope of the line is zero. T

22,
23.

24.

The slope of the line is undefined.

The slope of the line is positive, and its y-intercept is pos-
itive.

The slope of the line is positive, and its y-intercept is neg-
ative.
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® by

In Exercises 27-30, find an equation of the line that passes
through the point and has the indicated slope m.

27. 3, —4);m=2 28. (2,4);m=—1

In Exercises 31-34, find an equation of the line that passes
through the given points.

31. (2,4)and (3,7) 32. (2, 1) and (2, 5)

33. (1,2) and (—3, —2) 34. (—1, —2)and (3, —4)
In Exercises 35-38, find an equation of the line that has slope m
and y-intercept b.

5. m=3;b=4 36. m=—-2;b=—1

1 3
37. m=0;b=5 38.m=——;b=—
" mT T Ty
In Exercises 39-44, write the equation in the slope-intercept
form and then find the slope and y-intercept of the correspond-
ing line.

39. x — 2y =0 40.y—2=0

41. 2x -3y —9=0 42. 3x — 4y +8=0

43. 2x + 4y = 14 44. 5x + 8y —24 =0

45. Find an equation of the line that passes through the point
(—2, 2) and is parallel to the line 2x — 4y — 8 = 0.

46. Find an equation of the line that passes through the point
(—1, 3) and is parallel to the line passing through the points
(=2, —=3)and (2, 5).

47. Find an equation of the line that passes through the point
(2, 4) and is perpendicular to the line 3x + 4y — 22 = 0.

48. Find an equation of the line that passes through the point
(1, —2) and is perpendicular to the line passing through the
points (—2, —1) and (4, 3).

In Exercises 49-54, find an equation of the line that satisfies the
given condition.

49. The line parallel to the x-axis and 6 units below it

50. The line passing through the origin and parallel to the line
passing through the points (2, 4) and (4, 7)

v

51. The line passing through the point (a, b) with slope equal
to zero

52. The line passing through (—3, 4) and parallel to the x-axis

53. The line passing through (—5, —4) and parallel to the line
passing through (—3, 2) and (6, 8)

54. The line passing through (a, b) with undefined slope

55. Given that the point P(—3, 5) lies on the line kx + 3y +
9 =0, find k.

56. Given that the point P(2, —3) lies on the line —2x + ky +
10 = 0, find k.

In Exercises 57-62, sketch the straight line defined by the linear
equation by finding the x- and y-intercepts.

Hint: See Example 12.

57.3x =2y +6=0 58. 2x =S5y +10=0

59. x+2y—4=0 60. 2x +3y — 15=0

6l. y+5=0 62. —2x — 8y +24=0

63. Show that an equation of a line through the points (a, 0)
and (0, b) with a # 0 and b # 0 can be written in the form

(Recall that the numbers a and b are the x- and y-intercepts,
respectively, of the line. This form of an equation of a line
is called the intercept form.)

In Exercises 64-67, use the results of Exercise 63 to find an equa-
tion of a line with the x- and y-intercepts.

64. x-intercept 3; y-intercept 4

65. x-intercept —2; y-intercept —4

. | 3

66. x-intercept ——; y-intercept —
2 4

. . 1

67. x-intercept 4; y-intercept —5

In Exercises 68 and 69, determine whether the points lie on a
straight line.

68. A(—1,7), B2, —2), and C(5, —9)
69. A(—2, 1), B(1, 7), and C(4, 13)

70. TemperaTURE Conversion The relationship between the
temperature in degrees Fahrenheit (°F) and the temperature
in degrees Celsius (°C) is

F=2C+32
5

a. Sketch the line with the given equation.

b. What is the slope of the line? What does it represent?

¢. What is the F-intercept of the line? What does it repre-
sent?
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NucLear PLanT UTiizaTion The United States is not build-
ing many nuclear plants, but the ones it has are running at
nearly full capacity. The output (as a percentage of total
capacity) of nuclear plants is described by the equation

y = 1.9467: + 70.082

where ¢ is measured in years, with = 0 corresponding to

the beginning of 1990.

a. Sketch the line with the given equation.

b. What are the slope and the y-intercept of the line found
in part (a)?

c. Give an interpretation of the slope and the y-intercept of
the line found in part (a).

d. If the utilization of nuclear power continued to grow at
the same rate and the total capacity of nuclear plants in the
United States remained constant, by what year were the
plants generating at maximum capacity?

Source: Nuclear Energy Institute.

SociAL SecuriTy ConTriBUTIONS For wages less than the

maximum taxable wage base, Social Security contributions

(including those for Medicare) by employees are 7.65% of

the employee’s wages.

a. Find an equation that expresses the relationship between
the wages earned (x) and the Social Security taxes paid
(y) by an employee who earns less than the maximum
taxable wage base.

b. For each additional dollar that an employee earns, by
how much is his or her Social Security contribution
increased? (Assume that the employee’s wages are less
than the maximum taxable wage base.)

c¢. What Social Security contributions will an employee
who earns $65,000 (which is less than the maximum
taxable wage base) be required to make?

Source: Social Security Administration.

CovrLece Apmissions Using data compiled by the Admis-

sions Office at Faber University, college admissions offi-

cers estimate that 55% of the students who are offered
admission to the freshman class at the university will actu-
ally enroll.

a. Find an equation that expresses the relationship between
the number of students who actually enroll (y) and the
number of students who are offered admission to the
university (x).

b. If the desired freshman class size for the upcoming aca-
demic year is 1100 students, how many students should
be admitted?

WEeiGHT oF WHALEs The equation W = 3.51L — 192,
expressing the relationship between the length L (in feet)
and the expected weight W (in British tons) of adult blue
whales, was adopted in the late 1960s by the International
Whaling Commission.

a. What is the expected weight of an 80-ft blue whale?

b. Sketch the straight line that represents the equation.

THe NarrowiNG GENDER GAP Since the founding of the
Equal Employment Opportunity Commission and the pas-

-

v

76.

77.

78.
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sage of equal-pay laws, the gulf between men’s and
women’s earnings has continued to close gradually. At the
beginning of 1990 (r = 0), women’s wages were 68% of
men’s wages, and by the beginning of 2000 (+ = 10),
women’s wages were 80% of men’s wages. If this gap
between women’s and men’s wages continued to narrow
linearly, then women’s wages were what percentage of
men’s wages at the beginning of 2004?

Source: Journal of Economic Perspectives.

SaLes ofF Navigation Systems The projected number of
navigation systems (in millions) installed in vehicles in
North America, Europe, and Japan from 2002 through
2006 are shown in the following table (x = 0 corresponds
to 2002):

Year, x 0 1 2 3 4
Systems Installed, y 3.9 4.7 5.8 6.8 7.8

a. Plot the annual sales (y) versus the year (x).

b. Draw a straight line L through the points corresponding
to 2002 and 2006.

c. Derive an equation of the line L.

d. Use the equation found in part (c) to estimate the num-
ber of navigation systems installed in 2005. Compare
this figure with the sales for that year.

Source: ABI Research.

SaLes oF GPS Equipment The annual sales (in billions of
dollars) of global positioning systems (GPS) equipment
from 2000 through 2006 are shown in the following table
(x = 0 corresponds to 2000):

Year, x 0 1 2 3 4 5 6
Annual Sales,y 79 9.6 115 133 152 17 188

a. Plot the annual sales (y) versus the year (x).

b. Draw a straight line L through the points corresponding
to 2000 and 2006.

¢. Derive an equation of the line L.

d. Use the equation found in part (c) to estimate the annual
sales of GPS equipment in 2005. Compare this figure
with the projected sales for that year.

Source: ABI Research.

IpEAL HEiGHTS AND WEIGHTS FOR WomeN The Venus Health
Club for Women provides its members with the following
table, which gives the average desirable weight (in pounds)
for women of a given height (in inches):

Height, x 60 63 66 69 72
Weight, y 108 118 129 140 152

a. Plot the weight (y) versus the height (x).

b. Draw a straight line L through the points corresponding
to heights of 5 ft and 6 ft.

c. Derive an equation of the line L.

d. Using the equation of part (c), estimate the average
desirable weight for a woman who is 5 ft, 5 in. tall.
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Cost oF A CommopiTy A manufacturer obtained the follow-
ing data relating the cost y (in dollars) to the number of
units (x) of a commodity produced:

Units

Produced, x 0 20 40 60 80 100
Cost in

Dollars, y 200 208 222 230 242 250

a. Plot the cost (y) versus the quantity produced (x).

b. Draw a straight line through the points (0, 200) and
(100, 250).

c¢. Derive an equation of the straight line of part (b).

d. Taking this equation to be an approximation of the
relationship between the cost and the level of produc-
tion, estimate the cost of producing 54 units of the
commodity.

DigitaL TV Services The percentage of homes with digital

TV services stood at 5% at the beginning of 1999 (r = 0)

and was projected to grow linearly so that, at the beginning

of 2003 (¢ = 4), the percentage of such homes was 25%.

a. Derive an equation of the line passing through the
points A(0, 5) and B(4, 25).

b. Plot the line with the equation found in part (a).

c¢. Using the equation found in part (a), find the percentage
of homes with digital TV services at the beginning
of 2001.

Source: Paul Kagan Associates.

SALEs GRowTH Metro Department Store’s annual sales (in
millions of dollars) during the past 5 years were

Annual Sales, y 5.8 6.2 7.2 8.4 9.0
Year, x 1 2 3 4 5

a. Plot the annual sales (y) versus the year (x).

b. Draw a straight line L through the points corresponding
to the first and fifth years.

c¢. Derive an equation of the line L.

d. Using the equation found in part (c), estimate Metro’s
annual sales 4 years from now (x = 9).

Is there a difference between the statements “The slope of
a straight line is zero” and “The slope of a straight line does
not exist (is not defined)”? Explain your answer.

Consider the slope-intercept form of a straight line y =

mx + b. Describe the family of straight lines obtained by

keeping

a. the value of m fixed and allowing the value of b to
vary.

b. the value of b fixed and allowing the value of m to
vary.

v

In Exercises 84-90, determine whether the statement is true or
false. If it is true, explain why it is true. If it is false, give an exam-
ple to show why it is false.

84.

85.

86.

87.

88.

89.

90.

91.

92.

Suppose the slope of a line L is —3 and P is a given point
on L. If Q is the point on L lying 4 units to the left of P,
then Q is situated 2 units above P.

The point (—1, 1) lies on the line with equation 3x +
Ty = 5.

The point (1, k) lies on the line with equation 3x + 4y =
12 if and only if k = 5.

The line with equation Ax + By + C = 0 (B # 0) and the
line with equation ax + by + ¢ = 0 (b # 0) are parallel if
Ab — aB = 0.

If the slope of the line L, is positive, then the slope of a line
L, perpendicular to L, may be positive or negative.

The lines with equations ax + by + ¢; = 0 and bx — ay +
¢, = 0, where a # 0 and b # 0, are perpendicular to each
other.

If L is the line with equation Ax + By + C = 0, where
A # 0, then L crosses the x-axis at the point (—C/A, 0).

Show that two distinct lines with equations a;x + by +
¢y =0and a,x + by + ¢, = 0, respectively, are parallel
if and only if a,b, — bya, = 0.

Hint: Write each equation in the slope-intercept form and com-
pare.

Prove that if a line L; with slope m, is perpendicular to a
line L, with slope m,, then mym, = —1.

Hint: Refer to the accompanying figure. Show that m; = b and
m, = c. Next, apply the Pythagorean Theorem and the distance
formula to the triangles OAC, OCB, and OBA to show that 1 =
—bc.

y L,
A(l, b)
C(1,0) .
0|
B(1,¢)
L2
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Solutions to Self-Check Exercises
1. The slope of the line that passes through the points (a, 2) y
and (3, 6) is 51
2x—3y—12=0 _~L
6—2 4 1
m = = A SR .
3—a 3-a _é"A""'6'

Since this line is parallel to a line with slope 4, m must be

equal to 4; that is, . ]
. P
=4 i

3—a i
or, upon multiplying both sides of the equation by 3 — a, 4. a. and b. See the following figure.
4 =43 —a)
4=12—4a .
4a = 8 ,“.E‘
a=2 _;:) g
2. Since the required line L is perpendicular to a line with Z E
slope —3, the slope of L is 28
! E
m = 1 =2 1%}
t t t t t
Next, using the point-slope form of the equation of a line, 1 2 3 4
we have Years
y—(=1)=2(x—-3) c. The slope of L is
y+1=2x—-6 _30.7—22.5_205
y=2x—17 " 4—-0 '
3. Substituting x = 3 and y = —3 into the left-hand side of the Using the point-slope form of the equation of a line with
given equation, we find the point (0, 22.5), we find
2(3) —3(—3)—12=3 y — 22.5 =2.05( — 0)
which is not equal to zero (the right-hand side). There- y =2.05t + 22.5

fore, (3, —3) does not lie on the line with equation

2¢ ~ 3y — 12 = 0. (See the accompanying figure.) d. Here the year 2010 corresponds to t = 6, so the esti-

Setting x = 0, we find y = —4, the y-intercept. Next mated number of satellite TV subscribers in the United

setting y = 0 gives x = 6, the x-intercept. We now draw the States in 2010 is
line passing through the points (0, —4) and (6, 0), as y =2.05(6) + 22.5 = 34.8

shown.
or 34.8 million.

USING Graphing a Straight Line

TECHNOLOGY

Graphing Utility

The first step in plotting a straight line with a graphing utility is to select a suitable
viewing window. We usually do this by experimenting. For example, you might first
plot the straight line using the standard viewing window [—10, 10] X [—10, 10]. If
necessary, you then might adjust the viewing window by enlarging it or reducing it to
obtain a sufficiently complete view of the line or at least the portion of the line that is
of interest.

(continued)
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FIGURE T1
The straight line 2x + 3y — 6 = 0 in the
standard viewing window

FIGURE T2

EXAMPLE 1 Plot the straight line 2x + 3y — 6 = 0 in the standard viewing window.

Solution The straight line in the standard viewing window is shown in Figure T1.

10

—10 |

EXAMPLE 2 Plot the straight line 2x + 3y — 30 = 0 in (a) the standard viewing
window and (b) the viewing window [—5, 20] X [—5, 20].
Solution

a. The straight line in the standard viewing window is shown in Figure T2a.
b. The straight line in the viewing window [—5, 20] X [—5, 20] is shown in Fig-
ure T2b. This figure certainly gives a more complete view of the straight line.

20

(a) The graph of 2x + 3y — 30 =0in (b) The graph of 2x + 3y — 30 = 0in
the standard viewing window the viewing window [—5, 20] X [—5, 20] | ]

Excel

In the examples and exercises that follow, we assume that you are familiar with the
basic features of Microsoft Excel. Please consult your Excel manual or use Excel’s
Help features to answer questions regarding the standard commands and operating
instructions for Excel. Here we use Microsoft Excel 2010.*

EXAMPLE 3 Plot the graph of the straight line 2x + 3y — 6 = 0 over the interval
[—10, 10].
Solution
1. Write the equation in the slope-intercept form:
y = —%x +2
3

2. Create a table of values. First, enter the input values: Enter the values of the end-
points of the interval over which you are graphing the straight line. (Recall that we
need only two distinct data points to draw the graph of a straight line. In general,
we select the endpoints of the interval over which the straight line is to be drawn
as our data points.) In this case, we enter —10 in cell B1 and 10 in cell CI.

Second, enter the formula for computing the y-values: Here, we enter

= —(2/3)*B1+2

in cell B2 and then press .

*Instructions for solving these examples and exercises using Microsoft Excel 2007 are given on CourseMate.

-
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FIGURE T3
Table of values for x and y

FIGURE T4
The graph of y = —2x + 2 over the
interval [—10,10]

v

1.2 STRAIGHT LINES 25

Third, evaluate the function at the other input value: To extend the formula to cell
C2, move the pointer to the small black box at the lower right corner of cell B2 (the
cell containing the formula). Observe that the pointer now appears as a black + (plus
sign). Drag this pointer through cell C2 and then release it. The y-value, — 4.66667,
corresponding to the x-value in cell C1(10) will appear in cell C2 (Figure T3).

1 X -10 10
2 y 8.666667 -4.66667

Graph the straight line determined by these points. First, highlight the numerical
values in the table. Here we highlight cells B1:B2 and C1:C2.

Step 1

Step 2

Step 3

Click on the ribbon tab and then select from the Charts

group. Select the chart subtype in the first row and second column. A
chart will then appear on your worksheet.

From the Chart Tools group that now appears at the end of the ribbon,

click the tab and then select from the Labels
group followed by . Typey =-(2/3)x + 2 and press
. Click from the Labels group and select

| Primary Horizontal Axis Title | followed by | Title Below Axis |. Type x
and then press . Next, click again and select

[ Primary Vertical Axis Title| followed by . Type y and
press [ Enter .

Click which appears on the right side of the graph and
press [Delete |.

The graph shown in Figure T4 will appear.

y=-(2/3)x+2

—15 15

If the interval over which the straight line is to be plotted is not specified, then you

might have to experiment to find an appropriate interval for the x-values in your graph.
For example, you might first plot the straight line over the interval [—10, 10]. If nec-
essary you then might adjust the interval by enlarging it or reducing it to obtain a suf-
ficiently complete view of the line or at least the portion of the line that is of interest.

Note: Boldfaced words/characters enclosed in a box (for example, ) indicate that an action (click, select, or press) is
required. Words/characters printed blue (for example, Chart Type) indicate words/characters that appear on the screen.
Words/characters printed in a monospace font (for example, = (—2/3) *A2+2) indicate words/characters that need to be typed
and entered.

(continued)

-
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v

EXAMPLE 4 Plot the straight line 2x + 3y — 30 = 0 over the intervals
(a) [—10, 10] and (b) [—5, 20].

Solution a and b. We first cast the equation in the slope-intercept form, obtaining
y = —% x + 10. Following the procedure given in Example 3, we obtain the graphs

shown in Figure T5.

y=-(2/3)x + 10

—15 —10 -5 0 5 10 15

(a)
FIGURE T5

The graph of y = —2x + 10 over the intervals (a) [—10, 10] and (b) [—5, 20]

y=-(2/3)x + 10

—10 25

(b)

Observe that the graph in Figure T5b includes the x- and y-intercepts. This fig-
ure certainly gives a more complete view of the straight line. ]

TECHNOLOGY EXERCISES

Graphing Utility
In Exercises 1-4, plot the straight line with the equation in the
standard viewing window.

1. 32x + 21y — 672 =0 2. 23x — 4.1y —943 =0

3. 1.6x + 5.1y = 8.16 4. —32x + 2.1y =6.72

In Exercises 5-8, plot the straight line with the equation in (a) the
standard viewing window and (b) the indicated viewing win-
dow.

S. 12.1x + 4.1y — 49.61 = 0; [—10, 10] X [—10, 20]
6. 4.1x — 152y — 62.32 = 0; [—10, 20] X [—10, 10]
7. 20x + 16y = 300; [—10, 20] X [—10, 30]

8. 32.2x + 21y = 676.2; [—10, 30] X [—10, 40]

In Exercises 9-12, plot the straight line with the equation in an
appropriate viewing window. (Note: The answer is not unique.)

9. 20x + 30y = 600
10. 30x — 20y = 600
11. 22.4x + 16.1y — 352 =0
12. 18.2x — 15.1y = 274.8

Excel

In Exercises 1-4, plot the straight line with the equation over the
interval [—10, 10].

1. 32x+ 21y —672=0 2. 23x — 4.1y —943 =0

3. 1.6x + 5.1y = 8.16 4. —32x + 2.1y =6.72

In Exercises 5-8, plot the straight line with the equation over the
given interval.

5. 12.1x + 4.1y — 49.61 = 0; [—10, 10]
6. 4.1x — 152y — 62.32 = 0; [— 10, 20]
7. 20x + 16y = 300; [—10, 20]

8. 32.2x + 21y = 676.2; [— 10, 30]

In Exercises 9-12, plot the straight line with the equation. (Note:
The answer is not unique.)

9. 20x + 30y = 600
10. 30x — 20y = 600
11. 22.4x + 16.1y — 352 =0
12. 18.2x — 15.1y = 274.8
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Linear Functions and Mathematical Models
Mathematical Models

Regardless of the field from which a real-world problem is drawn, the problem is
solved by analyzing it through a process called mathematical modeling. The four
steps in this process, as illustrated in Figure 28, follow.

Real-world Formulate Mathematical
problem . T
Test Solve
Solution of Interpret Solution of
real-world problem mathematical model

Mathematical Modeling

1.

Formulate Given a real-world problem, our first task is to formulate the problem
using the language of mathematics. The many techniques that are used in construct-
ing mathematical models range from theoretical consideration of the problem on the
one extreme to an interpretation of data associated with the problem on the other. For
example, the mathematical model giving the accumulated amount at any time when
a certain sum of money is deposited in the bank can be derived theoretically (see
Chapter 5). On the other hand, many of the mathematical models in this book are con-
structed by studying the data associated with the problem. In Section 1.5, we see how
linear equations (models) can be constructed from a given set of data points. Also, in
the ensuing chapters we will see how other mathematical models, including statisti-
cal and probability models, are used to describe and analyze real-world situations.
Solve Once a mathematical model has been constructed, we can use the appropri-
ate mathematical techniques, which we will develop throughout the book, to solve
the problem.

Interpret Bearing in mind that the solution obtained in Step 2 is just the solution
of the mathematical model, we need to interpret these results in the context of the
original real-world problem.

Test Some mathematical models of real-world applications describe the situations
with complete accuracy. For example, the model describing a deposit in a bank
account gives the exact accumulated amount in the account at any time. But other
mathematical models give, at best, an approximate description of the real-world prob-
lem. In this case, we need to test the accuracy of the model by observing how well it
describes the original real-world problem and how well it predicts past and/or future
behavior. If the results are unsatisfactory, then we may have to reconsider the assump-
tions made in the construction of the model or, in the worst case, return to Step 1.

We now look at an important way of describing the relationship between two

quantities using the notion of a function. As you will see subsequently, many mathe-
matical models are represented by functions.

Functions

A manufacturer would like to know how his company’s profit is related to its produc-
tion level; a biologist would like to know how the population of a certain culture of
bacteria will change with time; a psychologist would like to know the relationship
between the learning time of an individual and the length of a vocabulary list; and a
chemist would like to know how the initial speed of a chemical reaction is related to
the amount of substrate used. In each instance, we are concerned with the same ques-

-
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tion: How does one quantity depend on another? The relationship between two quan-
tities is conveniently described in mathematics by using the concept of a function.

Function
A function fis a rule that assigns to each value of x one and only one value of y.

The number y is normally denoted by f(x), read “f of x,” emphasizing the dependency
of y on x.

An example of a function may be drawn from the familiar relationship between
the area of a circle and its radius. Let x and y denote the radius and area of a circle,
respectively. From elementary geometry, we have

y = mx?
This equation defines y as a function of x, since for each admissible value of x (a
positive number representing the radius of a certain circle), there corresponds pre-

cisely one number y = 7 x? giving the area of the circle. This area function may be
written as

f(x) = mx? 7

For example, to compute the area of a circle with a radius of 5 inches, we simply
replace x in Equation (7) by the number 5. Thus, the area of the circle is

f(5) = w5* = 257

or 257 square inches.

Suppose we are given the function y = f(x).* The variable x is referred to as the
independent variable, and the variable y is called the dependent variable. The set of
all values that may be assumed by x is called the domain of the function f; and the set
comprising all the values assumed by y = f(x) as x takes on all possible values in its
domain is called the range of the function f. For the area function (7), the domain of fis
the set of all positive numbers x, and the range of f'is the set of all positive numbers y.

We now focus our attention on an important class of functions known as linear
functions. Recall that a linear equation in x and y has the form Ax + By + C = 0,
where A, B, and C are constants and A and B are not both zero. If B # 0, the equation
can always be solved for y in terms of x; in fact, as we saw in Section 1.2, the equa-
tion may be cast in the slope-intercept form:

y=mx+b (m, b constants) (t))]

Equation (8) defines y as a function of x. The domain and range of this function
are the set of all real numbers. Furthermore, the graph of this function, as we saw in
Section 1.2, is a straight line in the plane. For this reason, the function f(x) = mx + b is
called a linear function.

Linear Function
The function f defined by
f(x)=mx+b

where m and b are constants, is called a linear function.

Linear functions play an important role in the quantitative analysis of business
and economic problems. First, many problems that arise in these and other fields are

*It is customary to refer to a function f as f(x).

-
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linear in nature or are linear in the intervals of interest and thus can be formulated in
terms of linear functions. Second, because linear functions are relatively easy to work
with, assumptions involving linearity are often made in the formulation of problems.
In many cases, these assumptions are justified, and acceptable mathematical models
are obtained that approximate real-life situations.

The following example uses a linear function to model the market for U.S. health-
care costs. In Section 1.5, we show how this model is constructed using the least-
squares technique. (In “Using Technology” on pages 60-63, you will be asked to use
a graphing calculator or Excel to construct other mathematical models from raw data.)

2. 8 APPLIED EXAMPLE 1 U.S. Health-Care Expenditures Because the over-65
e population will be growing more rapidly in the next few decades, health-
care spending is expected to increase significantly in the coming decades. The
following table gives the projected U.S. health-care expenditure (in trillions of

dollars) from 2008 through 2013 (the figures after 2009 are estimates):

Year 2008 2009 2010 2011 2012 2013
Expenditure 2.34 247 2.57 2.70 2.85 3.02

A mathematical model giving the approximate U.S. health-care expenditures over
the period in question is given by

S(r) = 0.134r + 2.325
where ¢ is measured in years, with ¢ = 0 corresponding to 2008.

a. Sketch the graph of the function S and the given data on the same set of axes.

b. Assuming that the trend continues, how much will U.S. health-care expendi-
tures be in 2014 (t = 6)?

c. What is the projected rate of increase of U.S. health-care expenditures over the
period in question?

Source: Centers for Medicare & Medicaid Services.

Solution

a. The graph of S is shown in Figure 29.

A S(0)

E

°

]

S

5]

Z

.8

=

2 +

FIGURE 29 : t t t t t
Projected U.S. health-care expenditures ! 1 2 3 4 5
from 2008 to 2013 Years

b. The projected U.S. health-care expenditure in 2014 is
S(6) = 0.134(6) + 2.325 = 3.129

or approximately $3.13 trillion.

c¢. The function S is linear; hence, we see that the rate of increase of the U.S.
health-care expenditures is given by the slope of the straight line represented
by S, which is approximately $0.13 trillion per year. ]

-
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In the rest of this section, we look at several applications that can be modeled by
using linear functions.

Simple Depreciation

We first discussed linear depreciation in Section 1.2 as a real-world application of
straight lines. The following example illustrates how to derive an equation describing
the book value of an asset that is being depreciated linearly.

APPLIED EXAMPLE 2 Linear Depreciation A network server has an origi-
nal value of $10,000 and is to be depreciated linearly over 5 years
with a $3000 scrap value. Find an expression giving the book value at the end of
year t. What will be the book value of the server at the end of the second year?
What is the rate of depreciation of the server?

Solution Let V() denote the network server’s book value at the end of the 7th
year. Since the depreciation is linear, V is a linear function of 7. Equivalently, the
graph of the function is a straight line. Now, to find an equation of the straight
line, observe that V = 10,000 when ¢ = 0; this tells us that the line passes through
the point (0, 10,000). Similarly, the condition that V = 3000 when ¢ = 5 says that
the line also passes through the point (5, 3000). The slope of the line is given by

_ 10000 —3000 _ 7000 _ .
0-5 5

m

N Ve Using the point-slope form of the equation of a line with the point (0, 10,000)
10,000'] and the slope m = —1400, we have

V — 10,000 = —1400(t — 0)
V = —1400r + 10,000
the required expression. The book value at the end of the second year is given by

V(2) = —1400(2) + 10,000 = 7200

3000

+ + + + + t

N

b2 Yjars v or $7200. The rate of depreciation of the server is given by the negative of the slope of

FIGURE 30 the depreciation line. Since the slope of the line is m = — 1400, the rate of depreciation
Linear depreciation of an asset is $1400 per year. The graph of V = —1400r + 10,000 is sketched in Figure 30. m™

Linear Cost, Revenue, and Profit Functions

Whether a business is a sole proprietorship or a large corporation, the owner or chief
executive must constantly keep track of operating costs, revenue resulting from the
sale of products or services, and, perhaps most important, the profits realized. Three
functions provide management with a measure of these quantities: the total cost func-
tion, the revenue function, and the profit function.

Cost, Revenue, and Profit Functions

Let x denote the number of units of a product manufactured or sold. Then, the
total cost function is

C(x) = Total cost of manufacturing x units of the product
The revenue function is
R(x) = Total revenue realized from the sale of x units of the product

The profit function is

P(x) = Total profit realized from manufacturing and selling x units of the product

-
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FIGURE 31
A graph of a linear demand function
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Generally speaking, the total cost, revenue, and profit functions associated with a
company will probably be nonlinear (these functions are best studied using the tools
of calculus). But linear cost, revenue, and profit functions do arise in practice, and we
will consider such functions in this section. Before deriving explicit forms of these
functions, we need to recall some common terminology.

The costs that are incurred in operating a business are usually classified into two
categories. Costs that remain more or less constant regardless of the firm’s activity
level are called fixed costs. Examples of fixed costs are rental fees and executive
salaries. Costs that vary with production or sales are called variable costs. Examples
of variable costs are wages and costs for raw materials.

Suppose a firm has a fixed cost of F dollars, a production cost of ¢ dollars per unit,
and a selling price of s dollars per unit. Then the cost function C(x), the revenue func-
tion R(x), and the profit function P(x) for the firm are given by

Cx)=cx+ F

R(x) = sx

P(x) = R(x) — C(x)  Revenue — cost
=(s—cx—F

where x denotes the number of units of the commodity produced and sold. The func-
tions C, R, and P are linear functions of x.

APPLIED EXAMPLE 3 Profit Functions Puritron, a manufacturer of water
m filters, has a monthly fixed cost of $20,000, a production cost of $20 per
unit, and a selling price of $30 per unit. Find the cost function, the revenue func-
tion, and the profit function for Puritron.

Solution Let x denote the number of units produced and sold. Then
C(x) = 20x + 20,000
R(x) = 30x
P(x) = R(x) — C(x)
= 30x — (20x + 20,000)
10x — 20,000 [ |

Linear Demand and Supply Curves

In a free-market economy, consumer demand for a particular commodity depends on
the commodity’s unit price. A demand equation expresses this relationship between
the unit price and the quantity demanded. The corresponding graph of the demand
equation is called a demand curve. In general, the quantity demanded of a commod-
ity decreases as its unit price increases, and vice versa. Accordingly, a demand
function defined by p = f(x), where p measures the unit price and x measures the
number of units of the commodity, is generally characterized as a decreasing function
of x; that is, p = f(x) decreases as x increases.

The simplest demand function is defined by a linear equation in x and p, where
both x and p assume only positive values. Its graph is a straight line having a negative
slope. Thus, the demand curve in this case is that part of the graph of a straight line
that lies in the first quadrant (Figure 31).

APPLIED EXAMPLE 4 Demand Functions The quantity demanded of the

m Sentinel iPod™ alarm clock is 48,000 units when the unit price is $8. At
$12 per unit, the quantity demanded drops to 32,000 units. Find the demand
equation, assuming that it is linear. What is the unit price corresponding to a

-
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FIGURE 32
The graph of the demand equation
p=—ix+20

FIGURE 33
A graph of a linear supply function

quantity demanded of 40,000 units? What is the quantity demanded if the unit
price is $14?

Solution Let p denote the unit price of an iPod alarm clock (in dollars) and let x
(in units of 1000) denote the quantity demanded when the unit price of the clocks
is $p. If p = 8 then x = 48, and the point (48, 8) lies on the demand curve. Simi-
larly, if p = 12, then x = 32, and the point (32, 12) also lies on the demand
curve. Since the demand equation is linear, its graph is a straight line. The slope
of the required line is given by

12 — 8 4 1

"T 348 —16 4

So, using the point-slope form of an equation of a line with the point (48, 8), we
find that

1
p—8=—1(x—48)
R
p=x

is the required equation. The demand curve is shown in Figure 32.

AP ($)

10:\
| — — f————————> X
10 20 30 40 50 60 70 80 —~
Thousands of units

If the quantity demanded is 40,000 units (x = 40), the demand equation yields
1
y = —1(40) +20 =10

and we see that the corresponding unit price is $10. Next, if the unit price is $14
(p = 14), the demand equation yields

1
14=—x+20
4
1
—x=6
4
x =24
so the quantity demanded will be 24,000 iPod alarm clocks. ]

In a competitive market, a relationship also exists between the unit price of a com-
modity and its availability in the market. In general, an increase in a commodity’s unit
price will induce the manufacturer to increase the supply of that commodity. Con-
versely, a decrease in the unit price generally leads to a drop in the supply. An equa-
tion that expresses the relationship between the unit price and the quantity supplied is
called a supply equation, and the corresponding graph is called a supply curve. A
supply function, defined by p = f(x), is generally characterized by an increasing
function of x; that is, p = f(x) increases as x increases.

-
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As in the case of a demand equation, the simplest supply equation is a linear equa-
tion in p and x, where p and x have the same meaning as before but the line has a pos-
itive slope. The supply curve corresponding to a linear supply function is that part of
the straight line that lies in the first quadrant (Figure 33).

?®) VIDED APPLIED EXAMPLE 5 Supply Functions The supply equation for a com-
601 modity is given by 4p — 5x = 120, where p is measured in dollars and x is
307 measured in units of 100.
40
30 a. Sketch the corresponding curve.
20/ b. How many units will be marketed when the unit price is $55?
z
Y 70t Solution
+ + + + + + + + X
V 1% 2(()1 30 f40 50 a. Setting x = 0, we find the p-intercept to be 30. Next, setting p = 0, we find
FIGURE 34 undreds obunits the x-intercept to be —24. The supply curve is sketched in Figure 34.

The graph of the supply equation b. Substituting p = 55 in the supply equation, we have 4(55) — 5x = 120 or
4p — 5x =120 x = 20, so the amount marketed will be 2000 units. [ |

Self-Check Exercises

1. A manufacturer has a monthly fixed cost of $60,000 and a 2. The quantity demanded for a certain make of 30-in. X
production cost of $10 for each unit produced. The product 52-in. area rug is 500 when the unit price is $100. For each
sells for $15/unit. $20 decrease in the unit price, the quantity demanded
a. What is the cost function? increases by 500 units. Find the demand equation and

b. What is the revenue function? sketch its graph.
¢. What is the profit function?
d.

Compute the profit (loss) corresponding to production Solutions to Self-Check Exercises 1.3 can be found on

levels of 10,000 and 14,000 units/month. page 36.
Concept Questions
1. a. What is a function? Give an example. 3. Is the slope of a linear demand curve positive or negative?
b. What is a linear function? Give an example. The slope of a linear supply curve?
¢. What is the domain of a linear function? The range?
d. What is the graph of a linear function?
2. What is the general form of a linear cost function? A linear
revenue function? A linear profit function?
Exercises
In Exercises 1-10, determine whether the equation defines y as a 9.2x—3*+8=0 10. 2x + Vy —4=0
linear function of x. If so, write it in the form y = mx + b. )
B _ 11. A manufacturer has a monthly fixed cost of $40,000 and a
L 2xr+3y=6 2. " +dy=7 production cost of $8 for each unit produced. The product
3.x=2y—4 4. 2x=3y+38 sells for $12/unit.
a. What is the cost function?
5.2x—4y+9=0 6.3x —6y+7=0 b. What is the revenue function?
c. What is the profit function?
7.2x* =8y +4=0 8. 3Vx +4y=0 d. Compute the profit (loss) corresponding to production

levels of 8000 and 12,000 units.
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A manufacturer has a monthly fixed cost of $100,000 and

a production cost of $14 for each unit produced. The prod-

uct sells for $20/unit.

a. What is the cost function?

b. What is the revenue function?

c. What is the profit function?

d. Compute the profit (loss) corresponding to production
levels of 12,000 and 20,000 units.

Find the constants m and b in the linear function f(x) =
mx + b such that f(0) = 2 and f(3) = —1.

Find the constants m and b in the linear function f(x) =
mx + b such that f(2) = 4 and the straight line represented
by fhas slope —1.

Linear DepreciaTion An office building worth $1 million
when completed in 2005 is being depreciated linearly over
50 years. What was the book value of the building in 2010?
What will it be in 2015? (Assume that the scrap value
is $0.)

LiNnear DepreciATION An automobile purchased for use by
the manager of a firm at a price of $24,000 is to be depre-
ciated using the straight-line method over 5 years. What
will be the book value of the automobile at the end of
3 years? (Assume that the scrap value is $0.)

ConsumpTion FuncTtions A certain economy’s consump-
tion function is given by the equation

C(x) = 0.75x + 6

where C(x) is the personal consumption expenditure in bil-
lions of dollars and x is the disposable personal income in
billions of dollars. Find C(0), C(50), and C(100).

SALes TAax In a certain state, the sales tax 7 on the amount
of taxable goods is 6% of the value of the goods purchased
(x), where both T and x are measured in dollars.

a. Express T as a function of x.

b. Find 7(200) and 7(5.60).

SociaL SecuriTy Benerits Social Security recipients receive

an automatic cost-of-living adjustment (COLA) once each

year. Their monthly benefit is increased by the same per-
centage that consumer prices have increased during the pre-
ceding year. Suppose consumer prices have increased by

5.3% during the preceding year.

a. Express the adjusted monthly benefit of a Social Secu-
rity recipient as a function of his or her current monthly
benefit.

b. If Carlos Garcia’s monthly Social Security benefit is
now $1020, what will be his adjusted monthly benefit?

ProFiT FuncTions AutoTime, a manufacturer of 24-hr vari-

able timers, has a monthly fixed cost of $48,000 and a pro-

duction cost of $8 for each timer manufactured. The timers

sell for $14 each.

. What is the cost function?

. What is the revenue function?

. What is the profit function?

. Compute the profit (loss) corresponding to produc-
tion levels of 4000, 6000, and 10,000 timers, respec-
tively.

e T

v

21.

22,

23.

24.

25.

26.

27.

28.

ProriT Functions The management of TMI finds that the
monthly fixed costs attributable to the production of their
100-watt light bulbs is $12,100.00. If the cost of producing
each twin-pack of light bulbs is $0.60 and each twin-pack
sells for $1.15, find the company’s cost function, revenue
function, and profit function.

Linear DepreciaTion In 2007, National Textile installed a

new machine in one of its factories at a cost of $250,000.

The machine is depreciated linearly over 10 years with a

scrap value of $10,000.

a. Find an expression for the machine’s book value in the
tth year of use (0 = ¢ = 10).

b. Sketch the graph of the function of part (a).

c¢. Find the machine’s book value in 2011.

d. Find the rate at which the machine is being depreciated.

Linear DepreciaTion A workcenter system purchased at a

cost of $60,000 in 2010 has a scrap value of $12,000 at the

end of 4 years. If the straight-line method of depreciation

is used,

a. Find the rate of depreciation.

b. Find the linear equation expressing the system’s book
value at the end of ¢ years.

c¢. Sketch the graph of the function of part (b).

d. Find the system’s book value at the end of the third
year.

Linear DepreciaTion Suppose an asset has an original
value of $C and is depreciated linearly over N years with a
scrap value of $S. Show that the asset’s book value at the
end of the tth year is described by the function

V(t) = C — (%)t

Hint: Find an equation of the straight line passing through the
points (0, C) and (N, S). (Why?)

Rework Exercise 15 using the formula derived in Exer-
cise 24.

Rework Exercise 16 using the formula derived in Exer-
cise 24.

Druc Dosaces A method sometimes used by pediatricians
to calculate the dosage of medicine for children is based on
the child’s surface area. If a denotes the adult dosage (in
milligrams) and if S is the child’s surface area (in square
meters), then the child’s dosage is given by

_Sa

D(s) = 1.7

a. Show that D is a linear function of S.

Hint: Think of D as having the form D(S) = mS + b. What are the

slope m and the y-intercept b?

b. If the adult dose of a drug is 500 mg, how much should
a child whose surface area is 0.4 m? receive?

Druc Dosaces Cowling’s Rule is a method for calculating
pediatric drug dosages. If a denotes the adult dosage (in
milligrams) and if ¢ is the child’s age (in years), then the

-
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child’s dosage is given by

t+1
D(t) = a
-2
a. Show that D is a linear function of 7.
Hint: Think of D(#) as having the form D(¢) = mt + b. What is
the slope m and the y-intercept b?

b. If the adult dose of a drug is 500 mg, how much should
a 4-year-old child receive?

BroapBAND INTERNET HouseHoLbps The number of U.S.
broadband Internet households stood at 20 million at the
beginning of 2002 and was projected to grow at the rate of
6.5 million households per year for the next 8 years.

a. Find a linear function f(f) giving the projected number
of U.S. broadband Internet households (in millions) in
year ¢, where t+ = 0 corresponds to the beginning of
2002.

b. What was the projected number of U.S. broadband
Internet households at the beginning of 2010?

Source: Jupiter Research.

DiaL-Up INTERNET HouseHoLps The number of U.S. dial-up
Internet households stood at 42.5 million at the beginning
of 2004 and was projected to decline at the rate of
3.9 million households per year for the next 6 years.

a. Find a linear function f giving the projected U.S. dial-up
Internet households (in millions) in year ¢, where t = 0
corresponds to the beginning of 2004.

b. What was the projected number of U.S. dial-up Internet
households at the beginning of 2010?

Source: Strategy Analytics, Inc.

Cesius AND FAHReNHEIT TemperaTUREs The relationship
between temperature measured on the Celsius scale and on
the Fahrenheit scale is linear. The freezing point is 0°C and
32°F, and the boiling point is 100°C and 212°F.

a. Find an equation giving the relationship between the
temperature F measured on the Fahrenheit scale and the
temperature C measured on the Celsius scale.

b. Find F as a function of C and use this formula to deter-
mine the temperature in Fahrenheit corresponding to a
temperature of 20°C.

¢. Find C as a function of F and use this formula to deter-
mine the temperature in Celsius corresponding to a tem-
perature of 70°F.

CrickeT CHIRPING AND TEmPERATURE Entomologists have
discovered that a linear relationship exists between the rate
of chirping of crickets of a certain species and the air tem-
perature. When the temperature is 70°F, the crickets chirp
at the rate of 120 chirps/min, and when the temperature is
80°F, they chirp at the rate of 160 chirps/min.

a. Find an equation giving the relationship between the air
temperature 7 and the number of chirps per minute N of
the crickets.

b. Find N as a function of 7, and use this function to deter-
mine the rate at which the crickets chirp when the tem-
perature is 102°F.

v
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For each demand equation in Exercises 33-36, where x repre-
sents the quantity demanded in units of 1000 and p is the unit
price in dollars, (a) sketch the demand curve, and (b) determine
the quantity demanded corresponding to the given unit price p.

33.
34.
35.
36.
37.

38.

39.

40.

2x+3p—18=0;p=4
5pt4x—80=0;p=10
p= —3x+60;p =30

p = —0.4x + 120; p = 80

Demanp Funcrions At a unit price of $55, the quantity
demanded of a certain commodity is 1000 units. At a unit
price of $85, the demand drops to 600 units. Given that it
is linear, find the demand equation. Above what price will
there be no demand? What quantity would be demanded if
the commodity were free?

Demanp Functions The quantity demanded for a certain
brand of portable CD players is 200 units when the unit
price is set at $90. The quantity demanded is 1200 units
when the unit price is $40. Find the demand equation, and
sketch its graph.

Demanp FuncTions Assume that a certain commodity’s
demand equation has the form p = ax + b, where x is the
quantity demanded and p is the unit price in dollars. Sup-
pose the quantity demanded is 1000 units when the unit
price is $9.00 and 6000 when the unit price is $4.00. What
is the quantity demanded when the unit price is $7.50?

Demanp Functions The demand equation for the Sicard
sports watch is

p = —0.025x + 50

where x is the quantity demanded per week and p is the unit
price in dollars. Sketch the graph of the demand equation.
What is the highest price (theoretically) anyone would pay
for the watch?

For each supply equation in Exercises 41-44, where x is the
quantity supplied in units of 1000 and p is the unit price in dol-
lars, (a) sketch the supply curve, and (b) determine the number
of units of the commodity the supplier will make available in the
market at the given unit price.

41.

42,

43.

44.

45.

3x—4p+24=0;p=28

12
Sx—Sp+12=0;p=24
S¥ T3P p

p=2x+10;p =14

1
p=§x+20;p=28

SuppLy Functions Suppliers of a certain brand of digital
voice recorders will make 10,000 available in the market if
the unit price is $45. At a unit price of $50, 20,000 units
will be made available. Assuming that the relationship
between the unit price and the quantity supplied is linear,
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derive the supply equation. Sketch the supply curve, and
determine the quantity suppliers will make available when
the unit price is $70.

SuppLy FuncTions Producers will make 2000 refrigerators
available when the unit price is $330. At a unit price of
$390, 6000 refrigerators will be marketed. Find the equa-
tion relating the unit price of a refrigerator to the quantity
supplied if the equation is known to be linear. How many
refrigerators will be marketed when the unit price is $450?
What is the lowest price at which a refrigerator will be
marketed?

v

In Exercises 47 and 48, determine whether the statement is true
or false. If it is true, explain why it is true. If it is false, give an
example to show why it is false.

47.

48.

Suppose C(x) = cx + F and R(x) = sx are the cost and rev-
enue functions of a certain firm. Then the firm is making a
profit if its level of production is less than F/(s — c).

If p = mx + b is a linear demand curve, then it is generally
true that m < 0.

Solutions to Self-Check Exercises

1.

Let x denote the number of units produced and sold. Then
a. C(x) = 10x + 60,000
b. R(x) = 15x
C. P(x) = R(x) — C(x) = 15x — (IOx + 60,000)
= 5x — 60,000
d. P(10,000) = 5(10,000) — 60,000
= —10,000
or a loss of $10,000 per month.
P(14,000) = 5(14,000) — 60,000
= 10,000
or a profit of $10,000 per month.

. Let p denote the price of a rug (in dollars), and let x denote

the quantity of rugs demanded when the unit price is $p.
The condition that the quantity demanded is 500 when the
unit price is $100 tells us that the demand curve passes
through the point (500, 100). Next, the condition that for
each $20 decrease in the unit price, the quantity demanded
increases by 500 tells us that the demand curve is linear
and that its slope is given by —2%, or —3s. Therefore, let-

ting m = —715 in the demand equation
p=mx+b
we find
1
——x+b
P= st

TECHNOLOGY

Graphing Utility

Evaluating a Function

To determine b, use the fact that the straight line passes
through (500, 100) to obtain

100 = L (500) + b
25
or b = 120. Therefore, the required equation is

|
= x4+ 120
AT

The graph of the demand curve p = —zsx + 120 is
sketched in the following figure.

v p ($)

+ + > X

1000 2000

N
3000

A graphing utility can be used to find the value of a function fat a given point with min-
imal effort. However, to find the value of y for a given value of x in a linear equation
such as Ax + By + C = 0, the equation must first be cast in the slope-intercept form
y = mx + b, thus revealing the desired rule f(x) = mx + b for y as a function of x.

EXAMPLE 1 Consider the equation 2x + 5y = 7.

a. Plot the straight line with the given equation in the standard viewing window.
b. Find the value of y when x = 2 and verify your result by direct computation.
c. Find the value of y when x = 1.732.

-
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Solution

a. The straight line with equation 2x + 5y = 7 or, equivalently, y = —% x + Z in the
standard viewing window is shown in Figure T1.

10

—
|

.
]

-10 R
FIGURE T1
The straight line 2x + 5y = 7 in the stan-
dard viewing window —10
b. Using the evaluation function of the graphing utility and the value of 2 for x, we
find y = 0.6. This result is verified by computing
2 7 4 7 3
=—R2)+—-=—+-==-=06
y= s =55
when x = 2.
c¢. Once again using the evaluation function of the graphing utility, this time with
the value 1.732 for x, we find y = 0.7072. ]
When evaluating f(x) at x = a, remember that the number a must lie between
xMin and xMax.
APPLIED EXAMPLE 2 Market for Cholesterol-Reducing Drugs In a study
- -ﬁ' conducted in early 2000, experts projected a rise in the market for
cholesterol-reducing drugs. The U.S. market (in billions of dollars) for such
drugs from 1999 through 2004 is approximated by
M(t) = 1.95t + 12.19
where ¢ is measured in years, with ¢ = 0 corresponding to 1999.
a. Plot the graph of the function M in the viewing window [0, 5] X [0, 25].
b. What was the estimated market for cholesterol-reducing drugs in 2005
(t=6)?
c. What was the rate of increase of the market for cholesterol-reducing drugs
over the period in question?
Source: S. G. Cowen.
Solution
a. The graph of M is shown in Figure T2.
25
FIGURE T2
The graph of M in the viewing window
[0, 51 X [0, 25] 0 5

b. The market in 2005 for cholesterol-reducing drugs was approximately
M(6) = 1.95(6) + 12.19 = 23.89
or $23.89 billion. (continued)

-
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¢. The function M is linear; hence, we see that the rate of increase of the market
for cholesterol-reducing drugs is given by the slope of the straight line repre-
sented by M, which is approximately $1.95 billion per year. ]

Excel

Excel can be used to find the value of a function at a given value with minimal effort.
% However, to find the value of y for a given value of x in a linear equation such as

Ax + By + C = 0, the equation must first be cast in the slope-intercept form y =

mx + b, thus revealing the desired rule f(x) = mx + b for y as a function of x.

EXAMPLE 3 Consider the equation 2x + 5y = 7.

a. Find the value of y for x = 0, 5, and 10.
b. Plot the straight line with the given equation over the interval [0, 10].

Solution

a. Since this is a linear equation, we first cast the equation in slope-intercept form:

2 N 7
= ——X —
YT 5T s
Next, we create a table of values (Figure T3), following the same procedure outlined
in Example 3, pages 24-25. In this case we use the formula = (—2/5)*B1+7/5

for the y-values.

1 X 0 5 10
2 y 14 -0.6 -2.6

FIGURE T3
Table of values for x and y

b. Following the procedure outlined in Example 3, we obtain the graph shown in

Figure T4.
y=-(2/5)x+7/5
2
1.5
1 \
0.5 \
0 T T T T T 1
Y_os 2
-1
—15 \\
-2 \
—25 ~~
-3
X
FIGURE T4
The graph of y = —2x + £ over the interval [0, 10] |
Note: Words/characters printed in a monospace font (for example, = (—2/3) *A2+2) indicate words/characters that need to

be typed and entered.
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APPLIED EXAMPLE 4 Market for Cholesterol-Reducing Drugs In a study
m conducted in early 2000, experts projected a rise in the market for
cholesterol-reducing drugs. The U.S. market (in billions of dollars) for such drugs
from 1999 through 2004 is approximated by

M(t) = 1.95t + 12.19
where f is measured in years, with ¢ = 0 corresponding to 1999.

a. Plot the graph of the function M over the interval [0, 6].

b. What was the estimated market for cholesterol-reducing drugs in 2005
(t = 6)?

c. What was the rate of increase of the market for cholesterol-reducing drugs
over the period in question?

Source: S. G. Cowen.

Solution

a. Following the instructions given in Example 3, pages 2426, we obtain the spread-
sheet and graph shown in Figure T5. [Note: We have made the appropriate entries
for the title and x- and y-axis labels. In particular, for Primary Vertical Axis Title,

select | Rotated Title | and type M(t) in billions of dollars].

M(t) = 1.95t + 12.19

w
o

>
o]
o
o

M(t) in billions of dollars
= NN
\m

10
1 t 0 5 6 5
2 M(t) 12.19 21.94 23.89 0
0 1 2 3 4 5 6 7

(@) tinyears
FIGURE T5
(a) The table of values for t and M(t) and (b) the graph showing the
demand for cholesterol-reducing drugs (b)

b. From the table of values, we see that
M(6) = 1.95(6) + 12.19 = 23.89
or $23.89 billion.

¢. The function M is linear; hence, we see that the rate of increase of the market
for cholesterol-reducing drugs is given by the slope of the straight line repre-

sented by M, which is approximately $1.95 billion per year. ]
TECHNOLOGY EXERCISES
Find the value of y corresponding to the given value of x. 5. 22.1x + 182y — 400 = 0; x = 12.1
L 3.1e+ 24y —12=0;x= 2.1 6. 17.1x — 2431y — 512 = 0;x = —8.2
2. 120 =32y +82=0,x=12 7. 2.8x = 1.4ly — 2.64;x = 0.3
3. 2.8x + 42y = 163, x=1.5 8. 0.8x = 32y —43: x=—-04

4, —1.8x+32y —63=0;x= —2.1
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Intersection of Straight Lines

P(xg, )

FIGURE 35
L, and L, intersect at the point P(Xo, Yo).

y

FIGURE 36
The point of intersection of L, and L, is
1,2).

Finding the Point of Intersection

The solution of certain practical problems involves finding the point of intersection of
two straight lines. To see how such a problem may be solved algebraically, suppose
we are given two straight lines L, and L, with equations

y=mx+b, and y=myx + b,

(where m,, b, m,, and b, are constants) that intersect at the point P(x,, y,) (Figure 35).
The point P(x,, yo) lies on the line L,, so it satisfies the equation y = mx + b;. It
also lies on the line L,, so it satisfies the equation y = m,x + b,. Therefore, to find the
point of intersection P(x,, yo) of the lines L, and L,, we solve the system composed of
the two equations
y=mx+b, and y=myx + b,

for x and y.

EXAMPLE 1 Find the point of intersection of the straight lines that have equations
y=x+landy= —2x + 4.

Solution We solve the given simultaneous equations. Substituting the value y as
given in the first equation into the second, we obtain

x+1=-2x+4
3x=3
x=1

Substituting this value of x into either one of the given equations yields y = 2.
Therefore, the required point of intersection is (1, 2) (Figure 36). [ |

Exploring with
TECHNOLOGY

1. Use a graphing utility to plot the straight lines L; and L, with equations
y=3x —2and y = —2x + 3, respectively, on the same set of axes in the
standard viewing window. Then use TRACE and zooM to find the point of
intersection of L; and L,. Repeat using the “intersection” function of your
graphing utility.

2. Find the point of intersection of L, and L, algebraically.

3. Comment on the effectiveness of each method.

We now turn to some applications involving the intersections of pairs of straight
lines.

Break-Even Analysis

Consider a firm with (linear) cost function C(x), revenue function R(x), and profit
function P(x) given by

C(x) =cx+ F
R(x) = sx
P(x) =R(x) —Clx) =(s—c)x — F

-
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y
Yy =R(x)
Profit
F(xg» Y)
y=Cx)
Loss
X
FIGURE 37

P, is the break-even point.

Ay
g R(x) = 10x
3
o
= 30 T
E
g 207 C(x) = 4x + 12,000
E
E 10t
+ + + + > X
1 2 3 4
Units of a thousand
FIGURE 38

The point at which R(x) = C(x) is the
break-even point.

1.4 INTERSECTION OF STRAIGHT LINES Y|

where ¢ denotes the unit cost of production, s the selling price per unit, F the fixed
cost incurred by the firm, and x the level of production and sales. The level of pro-
duction at which the firm neither makes a profit nor sustains a loss is called the break-
even level of operation and may be determined by solving the equations y = C(x) and
y = R(x) simultaneously. At the level of production x,, the profit is zero, so
P(xo) = R(xo) — Clxp) =0
R(xp) = Clxo)
The point Py(xy, yo), the solution of the simultaneous equations y = R(x) and
y = C(x), is referred to as the break-even point; the number x, and the number y, are
called the break-even quantity and the break-even revenue, respectively.
Geometrically, the break-even point Py(x, yo) is just the point of intersection of
the straight lines representing the cost and revenue functions, respectively. This fol-
lows because Py(xy, ¥o), being the solution of the simultaneous equations y = R(x) and
y = C(x), must lie on both these lines simultaneously (Figure 37).
Note that if x < x,, then R(x) < C(x), so P(x) = R(x) — C(x) < 0; thus, the firm
sustains a loss at this level of production. On the other hand, if x > x,, then P(x) > 0,
and the firm operates at a profitable level.

APPLIED EXAMPLE 2 Break-Even Level Prescott manufactures its products
at a cost of $4 per unit and sells them for $10 per unit. If the firm’s fixed
cost is $12,000 per month, determine the firm’s break-even point.

Solution The cost function C and the revenue function R are given by C(x) =
4x + 12,000 and R(x) = 10x, respectively (Figure 38).
Setting R(x) = C(x), we obtain
10x = 4x + 12,000
6x = 12,000
x = 2000
Substituting this value of x into R(x) = 10x gives
R(2000) = (10)(2000) = 20,000

So for a break-even operation, the firm should manufacture 2000 units of its
product, resulting in a break-even revenue of $20,000 per month. ]

APPLIED EXAMPLE 3 Break-Even Analysis Using the data given in Exam-
ple 2, answer the following questions:

a. What is the loss sustained by the firm if only 1500 units are produced and sold
each month?

b. What is the profit if 3000 units are produced and sold each month?

¢. How many units should the firm produce to realize a minimum monthly profit
of $9000?

Solution The profit function P is given by the rule
P(x) = R(x) — C(x)
= 10x — (4x + 12,000)
6x — 12,000

a. If 1500 units are produced and sold each month, we have
P(1500) = 6(1500) — 12,000 = —3000

so the firm will sustain a loss of $3000 per month.

-
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b. If 3000 units are produced and sold each month, we have
P(3000) = 6(3000) — 12,000 = 6000
or a monthly profit of $6000.
c¢. Substituting 9000 for P(x) in the equation P(x) = 6x — 12,000, we obtain
9000 = 6x — 12,000
6x = 21,000
x = 3500

Thus, the firm should produce at least 3500 units to realize a $9000 minimum
monthly profit. ]

APPLIED EXAMPLE 4 Decision Analysis The management of Robertson
m Controls must decide between two manufacturing processes for its model C
electronic thermostat. The monthly cost of the first process is given by C(x) =
20x + 10,000 dollars, where x is the number of thermostats produced; the
monthly cost of the second process is given by C,(x) = 10x + 30,000 dollars. If
the projected monthly sales are 800 thermostats at a unit price of $40, which
process should management choose in order to maximize the company’s profit?

Solution The break-even level of operation using the first process is obtained
by solving the equation

40x = 20x + 10,000
20x = 10,000
x =500
giving an output of 500 units. Next, we solve the equation
40x = 10x + 30,000
30x = 30,000
x = 1000
giving an output of 1000 units for a break-even operation using the second

process. Since the projected sales are 800 units, we conclude that management
should choose the first process, which will give the firm a profit. ]

APPLIED EXAMPLE 5 Decision Analysis Referring to Example 4, decide
which process Robertson’s management should choose if the projected
monthly sales are (a) 1500 units and (b) 3000 units.

Solution In both cases, the production is past the break-even level. Since the
revenue is the same regardless of which process is employed, the decision will be
based on how much each process costs.

a. If x = 1500, then
C,(x) = (20)(1500) + 10,000 = 40,000
Cy(x) = (10)(1500) + 30,000 = 45,000

Hence, management should choose the first process.
b. If x = 3000, then

C,(x) = (20)(3000) + 10,000 = 70,000
C,(x) = (10)(3000) + 30,000 = 60,000

In this case, management should choose the second process. ]

-
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Supply curve

Po 1

FIGURE 39
Market equilibrium is represented by the
point (X, Po).
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Exploring with
TECHNOLOGY

1. Use a graphing utility to plot the straight lines L, and L, with equations
y=2x — landy = 2.1x + 3, respectively, on the same set of axes, using the
standard viewing window. Do the lines appear to intersect?

2. Plot the straight lines L, and L,, using the viewing window [—100, 100] X
[—100, 100]. Do the lines appear to intersect? Can you find the point of inter-
section using TRACE and zoom? Using the “intersection” function of your
graphing utility?

3. Find the point of intersection of L, and L, algebraically.

4. Comment on the effectiveness of the solution methods in parts 2 and 3.

Market Equilibrium

Under pure competition, the price of a commodity eventually settles at a level dic-
tated by the condition that the supply of the commodity be equal to the demand
for it. If the price is too high, consumers will be more reluctant to buy, and if the
price is too low, the supplier will be more reluctant to make the product available
in the marketplace. Market equilibrium is said to prevail when the quantity pro-
duced is equal to the quantity demanded. The quantity produced at market equilib-
rium is called the equilibrium quantity, and the corresponding price is called the
equilibrium price.

From a geometric point of view, market equilibrium corresponds to the point at
which the demand curve and the supply curve intersect. In Figure 39, x, represents the
equilibrium quantity and p, the equilibrium price. The point (x,, po) lies on the supply
curve and therefore satisfies the supply equation. At the same time, it also lies on the
demand curve and therefore satisfies the demand equation. Thus, to find the point
(x0s Po), and hence the equilibrium quantity and price, we solve the demand and sup-
ply equations simultaneously for x and p. For meaningful solutions, x and p must both
be positive.

APPLIED EXAMPLE 6 Market Equilibrium The management of Thermo-
Master, which manufactures an indoor—outdoor thermometer at its Mexico
subsidiary, has determined that the demand equation for its product is

S5x+3p—30=0

where p is the price of a thermometer in dollars and x is the quantity demanded
in units of a thousand. The supply equation for these thermometers is

52x — 30p + 45 =0

where x (measured in thousands) is the quantity that ThermoMaster will make
available in the market at p dollars each. Find the equilibrium quantity and
price.

Solution We need to solve the system of equations

5+ 3p—30=0
52x —30p +45=0

for x and p. Let us use the method of substitution to solve it. As the name sug-
gests, this method calls for choosing one of the equations in the system, solving

-
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for one variable in terms of the other, and then substituting the resulting expres-
sion into the other equation. This gives an equation in one variable that can then
be solved in the usual manner.

Let’s solve the first equation for p in terms of x. Thus,

3p = —5x + 30
> + 10
=——Xx
P= 3
Next, we substitute this value of p into the second equation, obtaining
5
52x — 30<—3x + 10) +45=0

52x +50x — 300 +45 =0

102x — 255 =0
255 5
XxX=——=—
102 2

The corresponding value of p is found by substituting this value of x into the
equation for p obtained earlier. Thus,

——5<5> +10= -2 419
P=73\2 6

35
== ~583
6

We conclude that the equilibrium quantity is 2500 units (remember that x is mea-
sured in units of a thousand) and the equilibrium price is $5.83 per thermometer.
|

[ ViDEo m APPLIED EXAMPLE 7 Market Equilibrium The quantity demanded of a cer-

tain model of DVD player is 8000 units when the unit price is $260. At a
unit price of $200, the quantity demanded increases to 10,000 units. The manu-
facturer will not market any players if the price is $100 or lower. However, for
each $50 increase in the unit price above $100, the manufacturer will market an
additional 1000 units. Both the demand and the supply equations are known to be
linear.

a. Find the demand equation.
b. Find the supply equation.
c¢. Find the equilibrium quantity and price.

Solution Let p denote the unit price in hundreds of dollars, and let x denote the
number of units of players in thousands.

a. Since the demand function is linear, the demand curve is a straight line pass-
ing through the points (8, 2.6) and (10, 2). Its slope is
2-26
m = =
10 — 8

—-0.3

Using the point (10, 2) and the slope m = —0.3 in the point-slope form of the
equation of a line, we see that the required demand equation is

p—2=-03x—10)
p=—-03x+5 Figure 40

-
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Now s v o
s s s ‘ )
+ + + +

Unit price in hundreds of dollars

N

FIGURE 40 } } |
Market equilibrium occurs at the point 5 10 15 20
(5,3.5). Units of a thousand

b. The supply curve is the straight line passing through the points (0, 1) and
(1, 1.5). Its slope is

1.5 -1
m=——"—=05
1-0

Using the point (0, 1) and the slope m = 0.5 in the point-slope form of the
equation of a line, we see that the required supply equation is
p—1=05x—0)
p=05x+1 Figure 40
c. To find the market equilibrium, we solve simultaneously the system compris-

ing the demand and supply equations obtained in parts (a) and (b)—that is, the
system

p=_03x+5 ]7:0.5X+l
’ —-p=03x—5
pP = 0.5x + 1 0=08x — 4
Subtracting the first equation from the second gives
08x—4=0

and x = 5. Substituting this value of x in the second equation gives p = 3.5.
Thus, the equilibrium quantity is 5000 units, and the equilibrium price is $350

(Figure 40). u
Self-Check Exercises
1. Find the point of intersection of the straight lines with market 5000 cameras/week. Both the demand and supply
equations 2x + 3y = 6 and x — 3y = 4. functions are known to be linear.

a. Find the demand equation.
b. Find the supply equation.
c. Find the equilibrium quantity and price.

2. There is no demand for a certain model of a disposable
camera when the unit price is $12. However, when the unit
price is $8, the quantity demanded is 8000/week. The sup-
pliers will not market any cameras if the unit price is $2 Solutions to Self-Check Exercises 1.4 can be found on
or lower. At $4/camera, however, the manufacturer will page 48.
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Concept Questions

1. Explain why you would expect that the intersection of a
linear demand curve and a linear supply curve would lie
in the first quadrant.

2. Explain the meaning of each term:
a. Break-even point
b. Break-even quantity
c. Break-even revenue

3. Explain the meaning of each term:
a. Market equilibrium
b. Equilibrium quantity
c. Equilibrium price

Exercises

In Exercises 1-6, find the point of intersection of each pair of
straight lines.

1. y=3x+4 2. y=—4x—17
3.2x —3y=6 4. 2x +4y=11
3x + 6y = 16 —5x+3y=5
5 _ L -5 6 _2 —4
R -y =X

3 =
2x—5y=l x+3y+3=0

In Exercises 7-10, find the break-even point for the firm whose
cost function C and revenue function R are given.

7. C(x) = 5x + 10,000; R(x) = 15x
8. C(x) = 15x + 12,000; R(x) = 2lx
(

9. x) = 0.2x + 120; R(x) = 0.4x

10. C(x) = 150x + 20,000; R(x) = 270x

11. Break-Even AnALysis AutoTime, a manufacturer of 24-hr
variable timers, has a monthly fixed cost of $48,000 and a
production cost of $8 for each timer manufactured. The
units sell for $14 each.

a. Sketch the graphs of the cost function and the reve-
nue function and thereby find the break-even point
graphically.

b. Find the break-even point algebraically.

c¢. Sketch the graph of the profit function.

d. At what point does the graph of the profit function cross
the x-axis? Interpret your result.

12. Break-Even AnaLysis A division of Carter Enterprises
produces “Personal Income Tax” diaries. Each diary sells
for $8. The monthly fixed costs incurred by the division
are $25,000, and the variable cost of producing each diary
is $3.

a. Find the break-even point for the division.

b. What should be the level of sales in order for the divi-
sion to realize a 15% profit over the cost of making the
diaries?

13. Break-Even AnaLysis A division of the Gibson Corpor-
ation manufactures bicycle pumps. Each pump sells for $9,
and the variable cost of producing each unit is 40% of the
selling price. The monthly fixed costs incurred by the divi-
sion are $50,000. What is the break-even point for the
division?

14. Leasing Ace Truck Leasing Company leases a certain size
truck for $30/day and $.15/mi, whereas Acme Truck Leas-
ing Company leases the same size truck for $25/day and
$.20/mi.

a. Find the functions describing the daily cost of leasing
from each company.

b. Sketch the graphs of the two functions on the same set
of axes.

c. If a customer plans to drive at most 70 mi, from which
company should he rent a truck for a single day?

15. Decision AnaLysis A product may be made by using
Machine I or Machine II. The manufacturer estimates that
the monthly fixed costs of using Machine I are $18,000,
whereas the monthly fixed costs of using Machine II are
$15,000. The variable costs of manufacturing 1 unit of the
product using Machine I and Machine II are $15 and $20,
respectively. The product sells for $50 each.

a. Find the cost functions associated with using each
machine.

b. Sketch the graphs of the cost functions of part (a) and
the revenue functions on the same set of axes.

¢. Which machine should management choose in order to
maximize their profit if the projected sales are 450 units?
550 units? 650 units?

d. What is the profit for each case in part (c)?

16. AnnuaL SaLes The annual sales of Crimson Drug Store are
expected to be given by § = 2.3 + 0.4 million dollars
t years from now, whereas the annual sales of Cambridge
Drug Store are expected to be given by § = 1.2 + 0.67 mil-
lion dollars ¢ years from now. When will Cambridge’s
annual sales first surpass Crimson’s annual sales?
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LCDs Versus CRTs The global shipments of traditional
cathode-ray tube monitors (CRTs) is approximated by the
equation

y=—-12t+8 (0=r=3)

where y is measured in millions and 7 in years, with z = 0
corresponding to the beginning of 2001. The equation

y=18t+ 134 (0=r=23)

gives the approximate number (in millions) of liquid crys-
tal displays (LCDs) over the same period. When did the
global shipments of LCDs first overtake the global ship-
ments of CRTs?

Source: International Data Corporation.

DicitaL Versus FiLm Cameras The sales of digital cameras
(in millions of units) in year ¢ is given by the function

f(t)=305:+685 (0=1=3)

where ¢ = 0 corresponds to 2001. Over that same period,
the sales of film cameras (in millions of units) is given by

(1) = 185+ 1658  (0=1=3)

a. Show that more film cameras than digital cameras were
sold in 2001.

b. When did the sales of digital cameras first exceed those
of film cameras?

Source: Popular Science.

U.S. FinanciaL TransacTions The percentage of U.S. trans-
actions by check between the beginning of 2001 (# = 0) and
the beginning of 2010 (¢ = 9) is approximated by
11
f(t)=—?t+43 0=1r=9)
whereas the percentage of transactions done electronically
during the same period is approximated by
11
g(t) = —1+23
3
a. Sketch the graphs of fand g on the same set of axes.
b. Find the time when transactions done electronically first
exceeded those done by check.

Source: Foreign Policy.

0=1r=9)

BroabBAND VERsus DiaL-Up The number of U.S. broadband
Internet households (in millions) between the beginning of
2004 (¢t = 0) and the beginning of 2008 (1 = 4) is approxi-

mated by
f(t)y=65t+33 (0=tr=4)

Over the same period, the number of U.S. dial-up Internet
households (in millions) is approximated by

g(t) = =39+ 425 (0=r1=4)

a. Sketch the graphs of fand g on the same set of axes.
b. Solve the equation f(f) = ¢(), and interpret your result.

Source: Strategic Analytics, Inc.

v
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For each pair of supply-and-demand equations in Exercises
21-24, where x represents the quantity demanded in units of
1000 and p is the unit price in dollars, find the equilibrium quan-
tity and the equilibrium price.

21.

22.

23.

24.

25.

26.

27.

28.

29.

4x+3p—59=0and5x —6p + 14 =0
2x+Tp—56=0and3x — 1lp + 45 =0
p=—2x+22andp =3x + 12
p=-03x+6andp =0.15x + 1.5

EquiLierium QuanTiTY AND PrICE The quantity demanded of
a certain brand of DVD player is 3000/week when the unit
price is $485. For each decrease in unit price of $20 below
$485, the quantity demanded increases by 250 units. The
suppliers will not market any DVD players if the unit price
is $300 or lower. But at a unit price of $525, they are will-
ing to make available 2500 units in the market. The supply
equation is also known to be linear.

a. Find the demand equation.

b. Find the supply equation.

c¢. Find the equilibrium quantity and price.

EquiLiBrium QuanTiTY AND PricE The demand equation for
the Drake GPS Navigator is x + 4p — 800 = 0, where x is
the quantity demanded per week and p is the wholesale unit
price in dollars. The supply equation is x — 20p + 1000 =
0, where x is the quantity the supplier will make available
in the market each week when the wholesale price is p dol-
lars each. Find the equilibrium quantity and the equilib-
rium price for the GPS Navigators.

EquiLierium QuanTiTy AnD Price The demand equation for
the Schmidt-3000 fax machine is 3x + p — 1500 = 0,
where x is the quantity demanded per week and p is the unit
price in dollars. The supply equation is 2x — 3p + 1200 =
0, where x is the quantity the supplier will make available
in the market each week when the unit price is p dollars.
Find the equilibrium quantity and the equilibrium price for
the fax machines.

EquiLirium QuanTiTy AND Price The quantity demanded
each month of Russo Espresso Makers is 250 when the
unit price is $140; the quantity demanded each month
is 1000 when the unit price is $110. The suppliers will
market 750 espresso makers if the unit price is $60 or
higher. At a unit price of $80, they are willing to market
2250 units. Both the demand and supply equations are
known to be linear.

a. Find the demand equation.

b. Find the supply equation.

c. Find the equilibrium quantity and the equilibrium price.

Suppose the demand and supply equations for a certain
commodity are given by p = ax + b and p = cx + d,
respectively, where a < 0, ¢ > 0, and b > d > 0 (see the
following figure).
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~
p=cx+d
- —1
-
p=ax+b

a. Find the equilibrium quantity and equilibrium price in
terms of a, b, ¢, and d.

b. Use part (a) to determine what happens to the market
equilibrium if ¢ is increased while a, b, and d remain
fixed. Interpret your answer in economic terms.

c. Use part (a) to determine what happens to the market
equilibrium if b is decreased while a, ¢, and d remain
fixed. Interpret your answer in economic terms.

30. Suppose the cost function associated with a product is
C(x) = cx + F dollars and the revenue function is R(x) =
sx, where ¢ denotes the unit cost of production, s the unit
selling price, F the fixed cost incurred by the firm, and x
the level of production and sales. Find the break-even
quantity and the break-even revenue in terms of the con-
stants ¢, s, and F, and interpret your results in economic
terms.

v

In Exercises 31 and 32, determine whether the statement is true
or false. If it is true, explain why it is true. If it is false, give an
example to show why it is false.

31. Suppose C(x) = cx + F and R(x) = sx are the cost and rev-
enue functions, respectively, of a certain firm. Then the
firm is operating at a break-even level of production if its
level of production is F/(s — ¢).

32. If both the demand equation and the supply equation for a
certain commodity are linear, then there must be at least
one equilibrium point.

33. Let L, and L, be two nonvertical straight lines in the plane
with equations y = m;x + b; and y = mox + b,, respec-
tively. Find conditions on m;, m,, b;, and b, such that (a)
L, and L, do not intersect, (b) L; and L, intersect at one and
only one point, and (¢) L, and L, intersect at infinitely
many points.

34. Find conditions on a,, a,, by, b,, ¢;, and ¢, such that the
system of linear equations

ax + by =rc
ax + by =c¢,
has (a) no solution, (b) a unique solution, and (c) infinitely

many solutions.
Hint: Use the results of Exercise 33.

Solutions to Self-Check Exercises

1. The point of intersection of the two straight lines is found
by solving the system of linear equations

2x + 3y =6
x—3y=4

Solving the first equation for y in terms of x, we obtain
2
= ——x+2
Y73

Substituting this expression for y into the second equation,

we obtain
2
x—3| —x+2 | =4
3

x+2x—6=4
3x = 10

or x = . Substituting this value of x into the expression
for y obtained earlier, we find

2/ 10
= () ya=—
Y 3(3)

Therefore, the point of intersection is (%2, —3).

O |

2. a. Let p denote the price per camera, and let x denote the
quantity demanded per week. The given conditions imply
that x = 0 when p = 12 and x = 8000 when p = 8. Since
the demand equation is linear, it has the form

p=mx+b
Now, the first condition implies that
12=m(0)+b or b=12

Therefore,
p=mx + 12

Using the second condition, we find

8 = 8000m + 12

4
m = ————= —0.0005
8000

Hence, the required demand equation is
p = —0.0005x + 12

b. Let p denote the price per camera, and let x denote the
quantity made available at that price per week. Then,
since the supply equation is linear, it also has the form

p=mx+b
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The first condition implies that x = 0 when p = 2, so
we have

2:m(0)+b or b=2
Therefore,
p=mx+2

Next, using the second condition, x = 5000 when p = 4,
we find

4 =5000m + 2
giving m = 0.0004. So the required supply equation is
p = 0.0004x + 2

v
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c¢. The equilibrium quantity and price are found by solving

the system of linear equations

p = —0.0005x + 12
p = 0.0004x + 2

Equating the two expressions yields

—0.0005x + 12 = 0.0004x + 2
0.0009x = 10

or x = 11,111. Substituting this value of x into either
equation in the system yields

p = 6.44

WN\[€

TECHNOLOGY

FIGURE T1
The straight lines 2x + 3y = 6 and
3x—4—-5=0

FIGURE T2

Therefore, the equilibrium quantity is 11,111, and the
equilibrium price is $6.44.

Finding the Point(s) of Intersection of Two Graphs

Graphing Utility
A graphing utility can be used to find the point(s) of intersection of the graphs of
two functions. Once again, it is important to remember that if the graphs are straight

lines, the linear equations defining these lines must first be recast in the slope-intercept
form.

EXAMPLE 1 Find the points of intersection of the straight lines with equations
2x +3y=6and3x — 4y — 5= 0.

Solution Method I Solving each equation for y in terms of x, we obtain

2 + 9 4 v= 3 5
y 3 ¥ and y=-x—7
as the respective equations in the slope-intercept form. The graphs of the two
straight lines in the standard viewing window are shown in Figure T1.

Then, using TRACE and zooM or the function for finding the point of intersec-
tion of two graphs, we find that the point of intersection, accurate to four decimal
places, is (2.2941, 0.4706).

Method II Proceed as before to obtain the graphs of the two lines. Then use the
intersect function of the graphing utility to find the point of intersection, (2.2941176,
0.47058824), of the two straight lines (Figure T2).

Intersection |
X=2.2941176

Y=.47058824

Note On the TI-83/84, you can call the intersect function by selecting the cALC menu
and then selecting S: intersect (Figure T3a). Press to obtain the graph

(continued)
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v

shown in Figure T3b. Then press to select the first curve (Figure T3c); press
again to select the second curve (Figure T3d). Press for the fourth

time to find the point of intersection (Figure T3e).

CALCULATE
:value
rzero

NoOUTRAWN =

:dy/dx
[f(x)dx

tminimum
tmaximum
tintersect

Y1=(-2/3)X+2 T

=

First curve? 4
X=2.3404255

Y=.43971631

(a) TI-83/84 cALc menu

(b) First-graph screen

Y2=(3X-5)/4

i

Second curve? ¢
X=2.3404255

Y=.50531915

Y2=(3X-5)/4

Guess?
X=2.3404255

=

Intersection 4
X=2.2941176

i

Y=.50531915

Y=.47058824

(c) Second-graph screen
FIGURE T3

(d) Third-graph screen

(e) Final-graph screen

In Exercises 1-6, find the point of intersection of the pair of
straight lines with the given equations. Round your answers to
four decimal places.

1.
.y=12x+62andy = —43x + 9.1

. 2x—5y=7and3x + 4y = 12

. 14x — 6.2y = 8.4 and 4.1x + 7.3y = 144

. 2.1x = 5.1y + 71 and 3.2x = 8.4y + 16.8

. 83x = 6.2y + 9.3 and 12.4x = 12.3y + 24.6

. Break-Even AnaLvsis PhotoMax makes disposable cam-

N Bt AW

y=2x+5andy = —3x+ 8

eras that sell for $7.89 each and cost $3.24 each to produce.

The weekly fixed cost for the company is $16,500.

a. Plot the graphs of the cost function and the revenue func-
tion in the viewing window [0, 6000] X [0, 60,000].

b. Find the break-even point by using the viewing window
[0, 6000] X [—20,000, 20,000].

c. Plot the graph of the profit function and verify the result
of part (b) by finding the x-intercept.

. Break-Even AnaLysis The Monde Company makes a wine

cooler with a capacity of 24 bottles. Each wine cooler sells

for $245. The monthly fixed costs incurred by the company

are $385,000, and the variable cost of producing each wine

cooler is $90.50.

a. Find the break-even point for the company.

b. Find the level of sales needed to ensure that the com-
pany will realize a profit of 21% over the cost of pro-
ducing the wine coolers.

9.

10.

Leasing Ace Truck Leasing Company leases a certain size

truck for $34/day and $0.18/mi, whereas Acme Truck

Leasing Company leases the same size truck for $28/day

and $0.22/mi.

a. Find the functions describing the daily cost of leasing
from each company.

b. Plot the graphs of the two functions using the same
viewing window.

c. Find the point of intersection of the graphs of part (b).

d. Use the result of part (c) to find a criterion that a cus-
tomer can use to help her decide which company to rent
the truck from if she knows the maximum distance that
she will drive on the day of rental.

Bank Deposits The total deposits with a branch of Ran-

dolph Bank currently stand at $20.384 million and are pro-

jected to grow at the rate of $1.019 million/year for the

next 5 years. The total deposits with a branch of Madison

Bank, in the same shopping complex as the Randolph

Bank, currently stand at $18.521 million and are expected

to grow at the rate of $1.482 million/year for the next 5

years.

a. Find the function describing the total deposits with each
bank for the next 5 years.

b. Plot the graphs of the two functions found in part (a)
using the same viewing window.

c¢. Do the total deposits of Madison catch up to those of
Randolph over the period in question? If so, at what
time?
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11. EquiLiBrium QuaNTITY AND PRICE The quantity demanded of

a certain brand of a smart phone is 2000/week when the
unit price is $84. For each decrease in unit price of $5
below $84, the quantity demanded increases by 50 units.
The supplier will not market any of the smart phones if the
unit price is $60 or less, but the supplier will market
1800/week if the unit price is $90. The supply equation is
also known to be linear.

a. Find the demand and supply equations.

b. Plot the graphs of the supply and demand equations and

v
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12. EquiLiBrium QuanTiTy AND PricE The demand equation

for the Miramar Heat Machine, a ceramic heater, is
1.1x + 3.8p — 901 = 0, where x is the quantity demanded
each week and p is the wholesale unit price in dollars. The
corresponding supply equation is 0.9x — 20.4p + 1038 =
0, where x is the quantity the supplier will make available
in the market when the wholesale price is p dollars each.

a. Plot the graphs of the demand and supply equations

using the same viewing window.
b. Find the equilibrium quantity and the equilibrium price

find their point of intersection. for the Miramar heaters.

c¢. Find the equilibrium quantity and price.

The Method of Least Squares
The Method of Least Squares

In Example 10, Section 1.2, we saw how a linear equation may be used to approxi-
mate the sales trend for a local sporting goods store. The trend line, as we saw, may
be used to predict the store’s future sales. Recall that we obtained the trend line in
Example 10 by requiring that the line pass through two data points, the rationale being
that such a line seems to fif the data reasonably well.

In this section, we describe a general method known as the method of least
squares for determining a straight line that, in some sense, best fits a set of data points
when the points are scattered about a straight line. To illustrate the principle behind
the method of least squares, suppose, for simplicity, that we are given five data points,

Pi(x1, 1), Pa(%x2, ¥2), P3(x3, ¥3), Pa(xs, ya), Ps(xs, ys)

describing the relationship between the two variables x and y. By plotting these data
points, we obtain a graph called a scatter diagram (Figure 41).

If we try to fit a straight line to these data points, the line will miss the first, sec-
ond, third, fourth, and fifth data points by the amounts d,, d,, d;, d4, and ds, respec-
tively (Figure 42). We can think of the amounts d,, d, . . ., ds as the errors made when
the values y,, y,, . . . , y5 are approximated by the corresponding values of y lying on
the straight line L.

g P
104 J
1 P,
1 P,
1 . P,
5+ .
TP
+ X
e X
3 10 FIGURE 42
FIGURE 41 d; is the vertical distance between the straight

A scatter diagram line and a given data point.

-
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Melissa Rich

PORTFOLIO

TITLE Owner

v

INSTITUTION A Rich Experience Massage & Wellness Spa

A Rich Experience Massage &
Wellness Spa takes an integrative
approach to health-related ser-
vices in a modern spa environ-
ment. The spa provides a variety of services including mas-
sage therapy, spa facials and body treatments, Bowenwork,
hypnotherapy, and chiropractic care. A Rich Experience also
sells retail products and offers continuing education work-
shops for massage therapists.

As an owner, | closely evaluate the company’s fixed and
variable revenue streams—generated from our beauty and
spa services, retail sales, workshops, and rental space—to
determine if | am on track to meet my profitability goals. |
plot data points for all the revenue streams and apply the
least squares method to see if the best fit line matches my
profitability goals. This method allows me to see how
increases in specific revenue streams might affect overall
profitability.

Bodywork and Spa Services provide us with our most
profitable revenue stream, so | try to maximize the number
of these services that we can provide. Based on our available
rooms and practitioners, we can provide 60 one-hour ser-
vices per week. At an average of $70 per service, this equals
$4200 per week or approximately $218,440 per year. In order
to gross $109,220 and meet my goals for net profitability,
after one year the spa needs to be booking at least 50% of
our available time slots. My commissioned practitioners earn
40% on all services they provide, so at 50% productivity, this
brings my net total for Beauty and Spa Services to $65,532.

Applying my college mathematics and accounting
courses has helped me create a thriv-
ing business. With additional market- =N "
ing efforts, name recognition, and a
positive reputation in the community,
| can anticipate that our bookings will
continue to increase each year.

Courtesy of A Rich Experience; (inset) © Szasz-Fabian Ilka Erica/Shutterstock.com

The principle of least squares states that the straight line L that fits the data points
best is the one chosen by requiring that the sum of the squares of d,, d>, . . . , ds—that is,

di + d5+ di+ di+ d3

be made as small as possible. In other words, the least-squares criterion calls for min-
imizing the sum of the squares of the errors. The line L obtained in this manner is
called the least-squares line, or regression line.

The method for computing the least-squares lines that best fits a set of data points
is contained in the following result, which we state without proof.

The Method of Least Squares
Suppose we are given n data points
Pl(-xla yl)’ P2(X2, )’2), PS(-XS’ y3)’ e e ey Pn(xm yn)

Then the least-squares (regression) line for the data is given by the linear equa-
tion (function)
y=f(x)=mx+b

where the constants m and b satisfy the normal equations

b+ (x,+x,+ - +x,)m=y, +y, +-+y, 9)
g+t +x)b++8+ -+ 2)m
=Xy TRy, o+ Xy, (10)

simultaneously.
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The least-squares line y = x + 0.4 and the
given data points

IEED

10:35 AM Page 53

v

1.5 THE METHOD OF LEAST SQUARES

EXAMPLE 1 Find the least-squares line for the data
Pi(1, 1), P5(2,3), P3(3,4), P4s(4, 3), P5s(5, 6)

Solution Here, we have n = 5 and
x =1 X, =2 x; =3 xs =4 Xs =5
=1 =3 y3 =4 y4=3 ys =6

53

Before using Equations (9) and (10), it is convenient to summarize these data in the

form of a table:

X y X Xy
1 1 1 1
2 3 4 6
3 4 9 12
4 3 16 12
5 6 25 30

Sum 15 17 55 61

Using this table and (9) and (10), we obtain the normal equations

5b + 15m = 17
156 + 55m = 61
Solving Equation (11) for b gives
17
b= -3m+—
"Ts

which, upon substitution into Equation (12), gives

15(—3m + 157> + 55m = 61
—45m + 51 + 55m = 61
10m = 10
m=1
Substituting this value of m into Equation (13) gives

a2,
5 5 '

Therefore, the required least-squares line is

b:

y=x+04

The scatter diagram and the least-squares line are shown in Figure 43.

APPLIED EXAMPLE 2 Advertising and Profit The proprietor of Leisure
Travel Service compiled the following data relating the annual profit of
the firm to its annual advertising expenditure (both measured in thousands of

dollars):

Annual Advertising
Expenditure, x

Annual Profit, y

-

12

60

14

70

90

21

100

26

100

30

120

1)
12)

13)
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100

I T S S O T S S N
1

a. Determine the equation of the least-squares line for these data.

b. Draw a scatter diagram and the least-squares line for these data.

c. Use the result obtained in part (a) to predict Leisure Travel’s annual profit if
the annual advertising budget is $20,000.

Solution

a. The calculations required for obtaining the normal equations are summarized
in the following table:

2

x y x xy
12 60 144 720
14 70 196 980
17 90 289 1,530
21 100 441 2,100
26 100 676 2,600
30 120 900 3,600
Sum 120 540 2646 11,530

The normal equations are

6b + 120m = 540 (14)
1206 + 2646m = 11,530 (15)

Solving Equation (14) for b gives
b= —20m + 90 (16)

which, upon substitution into Equation (15), gives

120(—20m + 90) + 2646m = 11,530
—2400m + 10,800 + 2646m = 11,530
246m = 730
m =297

Substituting this value of m into Equation (16) gives
b= —20(2.97) + 90 = 30.6

Therefore, the required least-squares line is given by

5 10 15 20 25 30
Thousands of dollars

FIGURE 44
Profit versus advertising expenditure

y = f(x) = 2.97x + 30.6

b. The scatter diagram and the least-squares line are shown in Figure 44.
c. Leisure Travel’s predicted annual profit corresponding to an annual budget of
$20,000 is given by

f(20) = 2.97(20) + 30.6 = 90
or $90,000. [

APPLIED EXAMPLE 3 U.S. Health-Care Expenditures Refer to Example 1 of
E Section 1.3. Because the over-65 population will be growing more rapidly
in the next few decades, health-care spending is expected to increase significantly
in the coming decades. The following table gives the U.S. health expenditures (in
trillions of dollars) from 2008 through 2013, where ¢ is measured in years, with
t = 0 corresponding to 2008.

-
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Year, ¢ 0 1 2 3 4 5

Expenditure, y 2.34 247 2.57 2.70 2.85 3.02

(The figures after 2009 are estimates.) Find a function giving the U.S. health-care

spending between 2008 and 2013, using the least-squares technique.
Source: Centers for Medicare & Medicaid Services.

Solution The calculations required for obtaining the normal equations are sum-
marized in the following table:

t y s ty

0 2.34 0 0

1 2.47 1 2.47

2 2.57 4 5.14

3 2.70 9 8.10

4 2.85 16 11.40
s 302 25 15.10
15 15.95 55 42.21

The normal equations are

6b + 15m = 15.95 a7
15b + 55m = 42.21 as)
Solving Equation (17) for b gives
b= —2.5m + 2.6583 a9
which, upon substitution into Equation (18), gives
15(=2.5m + 2.6583) + 55m = 42.21
—37.5m + 39.8745 + 55m = 42.21
17.5m = 2.3355
m = 0.1335
Substituting this value of m into Equation (19) gives
b = —2.5(0.1335) + 2.6583 =~ 2.3246
Therefore, the required function is
S(r) = 0.134¢ + 2.325 [ |

Self-Check Exercises

1. Find an equation of the least-squares line for the data x 22

p 38.0

54
36.0

7.0
345

11.5
30.0

14.6

28.5
x 1 3 4 5 7

4 10 11 12 16 Find the demand equation if the demand curve is the least-

2. In a market research study for Century Communications,
the following data were provided based on the projected
monthly sales x (in thousands) of a DVD version of a box-
office-hit adventure movie with a proposed wholesale unit
price of p dollars.

-

squares line for these data.

Solutions to Self-Check Exercises 1.5 can be found on
page 59.
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Concept Questions

1. Explain the terms (a) scatter diagram and (b) least-squares 2. State the principle of least squares in your own words.
line.
ISR Exercises
In Exercises 1-6, (a) find the equation of the least-squares line for a. Find an equation of the least-squares line for these data.
the data, and (b) draw a scatter diagram for the data and graph b. Use the result of part (a) to estimate the average rate of
the least-squares line. increase in overdraft fees over the period under consider-
L . | a2 3 4 ation.
1 & i c. Assuming that the trend continued, what was the revenue
from overdraft fees in 2011?
2 Source: New York Times.
L 4 3 5 7 9
9 8 6 2 9. SAT VereaL Scores The accompanying data were com-
piled by the superintendent of schools in a large metropol-
3 itan area. The table shows the average SAT verbal scores
R ! 2 4 6 of high school seniors during the 5 years since the district
45 3 233 implemented its “back to basics” program.
4. * ! 2 3 4 4 Year, x 1 2 3 4 5
2 3 3 35 35 4 Average
Score,y 436 438 428 430 426
5. Pi(1,3), P»(2,5), P5(3,5), Py(4,7), Ps(5, 8)
6. P,(1,8), Po(2, 6), Px(5, 6), P.(7, 4), P5(10, 1) a. Determine the equation of the least-squares line for
these data.
7. CorLece Apmissions The accompanying data were com- b. Draw a scatter diagram and the least-squares line for
piled by the admissions office at Faber College during the these data.
past 5 years. The data relate the number of college c. Use the result obtained in part (a) to predict the average
brochures and follow-up letters (x) sent to a preselected list SAT verbal score of high school seniors 2 years from
of high school juniors who had taken the PSAT and the now (x = 7).
number of completed applications (y) received from these 10. Net SaLes The management of Kaldor, a manufacturer of
students (both measured in units of a thousand). electric motors, submitted the accompanying data in its
annual stockholders report. The following table shows the
x 4 45 5 5.5 6 net sales (in millions of dollars) during the 5 years that
y 05 06 08 09 12 have elapsed since the new management team took over:
a. Determine the equation of the least-squares line for Year, x 1 ) 3 4 5
these data. Net Sales,y 426 437 460 473 477
b. Draw a scatter diagram and the least-squares line for
these dafa. o . (The first year the firm operated under the new manage-
c. Use the result obtained in part (a) to predict the number ment corresponds to the time period x = 1, and the four
of completed applications expected if 6400 brochures subsequent years correspond to x = 2, 3, 4, and 5.)
and follow-up letters are sent out during the next year. a. Determine the equation of the least-squares line for
8. Bouncep-CHeck CHArGEs Overdraft fees have become an these data. . .
important piece of a bank’s total fee income. The follow- b. Draw a scafter diagram and the least-squares line for
ing table gives the bank revenue from overdraft fees (in bil- these data. . . .
lions of dollars) from 2004 through 2009. Here, x = 4 cor- c. Use the result 'obtamed in part (a) to predict the net sales
responds to 2004. for the upcoming year.
11. Mass-TransiT Sussipies The following table gives the pro-

Year, x 4 5 6 7 8 9

Revenue,y 27.5 29 31 34 36 38

jected state subsidies (in millions of dollars) to the Massa-
chusetts Bay Transit Authority (MBTA) over a 5-year
period:



43149_01_chl p001-066

12.

13.

14.
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Year, x 1 2 3 4 5
Subsidy, y 20 24 26 28 32

a. Find an equation of the least-squares line for these data.
b. Use the result of part (a) to estimate the state subsidy to
the MBTA for the eighth year (x = 8).

Source: Massachusetts Bay Transit Authority.

INFORMATION SECURITY SOFTWARE SALES As online attacks
persist, spending on information security software contin-
ues to rise. The following table gives the forecast for the
worldwide sales (in billions of dollars) of information
security software through 2007 (¢t = 0 corresponds to
2002):

Year, ¢ 0 1 2 3 4 5
Spending,y 6.8 83 9.8 11.3 128 149

a. Find an equation of the least-squares line for these data.

b. Use the result of part (a) to estimate the spending on
information security software in 2008, assuming that
the trend continued.

Source: International Data Corporation.

HeaLtH-CARe SPenpING The following table gives the pro-
jected spending on home care and durable medical equip-
ment (in billions of dollars) from 2004 through 2016
(x = 0 corresponds to 2004):

Year, x 0 2 4 6 8 10 12
Spending, y 60 74 90 106 118 128 150

a. Find an equation of the least-squares line for these data.

b. Use the result of part (a) to give the approximate pro-
jected spending on home care and durable medical
equipment in 2015.

c. Use the result of part (a) to estimate the projected rate
of change of the spending on home care and durable
medical equipment for the period from 2004 through
2016.

Source: National Association of Home Care and Hospice.

IRA Assets The value of all individual retirement accounts
(in trillions of dollars) from 2002 through 2005 is summa-
rized in the following table:

Year 2002 2003 2004 2005
Value, y 2.6 3.0 3.3 3.7

a. Letting x = 2 denote 2002, find an equation of the least-
squares line for these data.

b. Use the results of part (a) to estimate the value of all
IRAs in 2006, assuming that the trend continued.

c. Use the result of part (a) to estimate how fast the value
of all IRAs was growing over the period from 2002
through 2005.

Source: ici.org.

v

15.

16.

17.

18.
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PC GrowtH The following table gives the projected ship-
ment of personal computers worldwide (in millions of
units) from 2004 through 2008 (x = 4 corresponds to
2004):

Year, x 4 5 6 7 8
Number, y 174 205 228 253 278

a. Find an equation of the least-squares line for these data.

b. Use the results of part (a) to estimate the shipment of
PCs worldwide in 2009, assuming that the projected
trend continued.

Source: International Data Corporation.

OnLiNe SpenpiNng The convenience of shopping on the
Web combined with high-speed broadband access services
is spurring online spending. The projected online spending
per buyer (in dollars) from 2002 (x = 0) through 2008
(x = 6) is given in the following table:

Year, x 0 1 2 3 4 5 6
Spending, y 501 540 585 631 680 728 779

a. Find an equation of the least-squares line for these data.
b. Use the result of part (a) to estimate the rate of change
of spending per buyer between 2002 and 2008.

Source: U.S. Department of Commerce.

GrosaL Derense Spenpbing The following table gives the
projected global defense spending (in trillions of dollars)
from the beginning of 2008 (¢ = 0) through 2015 (t = 7):

Year, ¢ 0 1 2 3 4 5 6 7
Spending,y 138 144 149 156 1.61 1.67 174 1.78

a. Find an equation of the least-squares line for these data.

b. Use the result of part (a) to estimate the rate of change
in the projected global defense spending from 2008
through 2015.

c. Assuming that the trend continues, what will the global
spending on defense be in 2018?

Source: Homeland Security Research.

WorLpwipe ConsuLting SpenpiNnGg The following table
gives the projected worldwide consulting spending (in bil-
lions of dollars) from 2005 through 2009 (x = 5 corre-
sponds to 2005):

Year, x 5 6 7 8 9
Spending,y 254 279 300 320 345

a. Find an equation of the least-squares line for these data.

b. Use the results of part (a) to estimate the average rate of
increase of worldwide consulting spending over the
period under consideration.

c. Use the results of part (a) to estimate the amount of
spending in 2010, assuming that the trend continued.

Source: Kennedy Information.
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Revenue oF Mooby’s CorporaTION Moody’s Corporation is
the holding company for Moody’s Investors Service,
which has a 40% share in the world credit-rating market.
According to Company Reports, the total revenue (in bil-
lions of dollars) of the company is projected to be as fol-
lows (x = 0 correspond to 2004):

2004
1.42

2005
1.73

2006
1.98

2007
2.32

2008
2.65

Year
Revenue, y

a. Find an equation of the least-squares line for these

data.

b. Use the results of part (a) to estimate the rate of change
of the revenue of the company for the period in ques-
tion.

. Use the result of part (a) to estimate the total revenue of
the company in 2010, assuming that the trend contin-
ued.

Source: Company Reports.

U.S. Onuine Banking HouseHorbs The following table gives
the projected U.S. online banking households as a percent-
age of all U.S. banking households from 2001 (x 1)
through 2007 (x = 7):

Year, x 1 2 3

Percentage of
Households,y 21.2 267 322 37.7 432 487 542
a. Find an equation of the least-squares line for these data.
b. Use the result of part (a) to estimate the projected per-
centage of U.S. online banking households in 2008.

Source: Jupiter Research.

U.S. Outpoor AbverTising U.S. outdoor advertising
expenditure (in billions of dollars) from 2002 through 2006
is given in the following table (x = 0 correspond to 2002):

2002
53

2003
5.6

2004
59

2005
6.4

2006
6.9

Year
Expenditure, y

a. Find an equation of the least-squares line for these data.
b. Use the result of part (a) to estimate the rate of change of
the advertising expenditures for the period in question.

Source: Outdoor Advertising Association.

ONLINE SALEs oF Usep Autos The amount (in millions of
dollars) of used autos sold online in the United States is ex-
pected to grow in accordance with the figures given in the
following table (x = 0 corresponds to 2000):

0 1 2 3
1.0 14 22 28

4 5 6 7
36 42 50 58

Year, x
Sales, y

a. Find an equation of the least-squares line for these data.

b. Use the result of part (a) to estimate the sales of used
autos online in 2008, assuming that the predicted trend
continued.

Source: comScore Networks, Inc.

v

23. SociaL Security WaGe Base The Social Security (FICA)

Year
Expenditure, y

24

25

26

B

wage base (in thousands of dollars) from 2004 to 2009 is
given in the accompanying table (x = 1 corresponds to
2004):

2004
87.9

2005
90.0

2006
94.2

2007
97.5

2008
102.6

2009
106.8

a. Find an equation of the least-squares line for these data.
b. Use the result of part (a) to estimate the FICA wage
base in 2012.
Source: The World Almanac.
SaLes oF GPS Equipment The annual sales (in billions of
dollars) of global positioning system (GPS) equipment
from the year 2000 through 2006 follow (x = 0 corre-
sponds to the year 2000):

Year, x 0 1 2 3
79 9.6 115 133

4 5 6

Annual Sales, y 152 160 18.8

a. Find an equation of the least-squares line for these data.

b. Use the equation found in part (a) to estimate the annual
sales of GPS equipment for 2008, assuming that the
trend continued.

Source: ABI Research.

MaLe Lire ExpecTancy AT 65 The Census Bureau projec-
tions of male life expectancy at age 65 in the United States
are summarized in the following table (x = 0 corresponds
to 2000):

Year, x 0 10 20 30 40 50
Years
beyond 65, y 159 16.8 17.6 185 193 20.3

a. Find an equation of the least-squares line for these data.

b. Use the result of part (a) to estimate the life expectancy
at 65 of a male in 2040. How does this result compare
with the given data for that year?

c. Use the result of part (a) to estimate the life expectancy
at 65 of a male in 2030.

Source: U.S. Census Bureau.

AuTHENTICATION TeEcHNoLoGgy With computer security

always a hot-button issue, demand is growing for technol-

ogy that authenticates and authorizes computer users. The

following table gives the authentication software sales (in

billions of dollars) from 1999 through 2004 (x = O repre-

sents 1999):

Year, x 0 1 2 3 4 5

Sales, y 2.4 2.9 3.7 4.5 52 6.1

a. Find an equation of the least-squares line for these data.
b. Use the result of part (a) to estimate the sales for 2007,
assuming that the trend continued.

Source: International Data Corporation.
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27. Corn Usep IN U.S. ETHANOL PropuctioNn The amount of
corn used in the United States for the production of ethanol
is expected to rise steadily as the demand for plant-based
fuels continue to increase. The following table gives the
projected amount of corn (in billions of bushels) used for
ethanol production from 2005 through 2010 (x = 1 corre-
sponds to 2005):

Year, x 1 2 3 4 5 6
Amount,y 14 1.6 1.8 2.1 23 25

a. Find an equation of the least-squares line for these data.

b. Use the result of part (a) to estimate the amount of corn
that will be used for the production of ethanol in 2011,
assuming that the trend continued.

Source: U.S. Department of Agriculture.

28. OPERATIONS MANAGEMENT CONSULTING SPENDING The fol-
lowing table gives the projected operations management
consulting spending (in billions of dollars) from 2005
through 2010 (x = 5 corresponds to 2005):

Year, x 5 6 7 8 9 10
Spending,y 40 432 474 50.5 537 5638

v
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a. Find an equation of the least-squares line for these data.

b. Use the results of part (a) to estimate the average rate of
change of operations management consulting spending
from 2005 through 2010.

c. Use the results of part (a) to estimate the amount of
spending on operations management consulting in
2011, assuming that the trend continued.

Source: Kennedy Information.

In Exercises 29-32, determine whether the statement is true or
false. If it is true, explain why it is true. If it is false, give an exam-
ple to show why it is false.

29. The least-squares line must pass through at least one data
point.

30. The error incurred in approximating » data points using the
least-squares linear function is zero if and only if the n data
points lie on a nonvertical straight line.

31. If the data consist of two distinct points, then the least-
squares line is just the line that passes through the two
points.

32. A data point lies on the least-squares line if and only if the
vertical distance between the point and the line is equal to
Zero.

Solutions to Self-Check Exercises

1. The calculations required for obtaining the normal equa-
tions may be summarized as follows:

2

y x xy
4 1 4
10 9 30
11 16 44

12 25 60
16491

53 100 250

Bliovew— "

Sum

The normal equations are

5b + 20m =53
206 + 100m = 250

Solving the first equation for b gives

b=—4m + —
5

which, upon substitution into the second equation, yields

53
20(—4m + ?) + 100m = 250
—80m + 212 + 100m = 250

20m = 38
m=1.9

Substituting this value of m into the expression for b found
earlier, we find

53
b = _4(19) + ? = 3

Therefore, an equation of the least-squares line is
y=19x+3

2. The calculations required for obtaining the normal equa-
tions may be summarized as follows:

x p x? xp

2.2 38.0 4.84 83.6
5.4 36.0 29.16 194.4
7.0 34.5 49.00 241.5
11.5 30.0 132.25 345.0
14.6 28.5 213.16 416.1

Sum 40.7 167.0 428.41 1280.6

The normal equations are

56+ 40.7m
40.7b + 428.41m

167
1280.6

Solving this system of linear equations simultaneously, we
find that

m=~ —0.81 and b = 40.00
Therefore, an equation of the least-squares line is given by
)4 :f(x) = —0.81x + 40
which is the required demand equation, provided that

0<x=4938
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USING Finding an Equation of a Least-Squares Line

TECHNOLOGY

Graphing Utility

A graphing utility is especially useful in calculating an equation of the least-squares
line for a set of data. We simply enter the given data in the form of lists into the cal-
culator and then use the linear regression function to obtain the coefficients of the
required equation.

EXAMPLE 1 Find an equation of the least-squares line for the data

x 1.1 23 32 4.6 5.8 6.7 8

y —-5.8 =5.1 —4.8 —44 —3.7 —-3.2 —2.5
Plot the scatter diagram and the least-squares line for this data.

Solution First, we enter the data as follows:

X, = 1.1 V= —-5.8 Xy = 2.3 Yo = —-5.1 X3 = 32
y3 = —4.8 x4 = 4.6 vy = —4.4 xs = 5.8 ys = —3.7
Xe — 67 Yo = _32 X7 = 80 y7 = _25

Then, using the linear regression function from the statistics menu, we obtain
the output shown in Figure Tla. Therefore, an equation of the least-squares line

(y=ax+ b)is
y = 0.46x — 6.3
4
LinReg
y=ax+b
a=.4605609794 0

b=-6.299969007

-7
(a) The TI-83/84 linear regression screen (b) The scatter diagram and least-squares
FIGURE T1 line for the data

The graph of the least-squares equation and the scatter diagram for the data are shown
in Figure T1b. u

Electric, the nation’s largest utility company, the demand for electricity
from 1990 through 2000 is summarized in the following table:

m APPLIED EXAMPLE 2 Demand for Electricity According to Pacific Gas and

t 0 2 4 6 8 10

y 333 917 1500 2117 2667 3292

Here, t = 0 corresponds to 1990, and y gives the amount of electricity demanded
in the year ¢, measured in megawatts. Find an equation of the least-squares line

for these data.
Source: Pacific Gas and Electric.

-
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LinReg
y=ax+b
a=295.1714286
b=328.4761905

FIGURE T2
The TI-83/84 linear regression screen

A B

1 X y

2 1.1 -5.8
3 2.3 -5.1
4 3.2 -4.8
5 4.6 -4.4
6 5.8 -3.7
7 6.7 -3.2
8 8 -2.5

FIGURE T3

Table of values for x and y

FIGURE T4
Scatter diagram and least-squares line for
the given data

v
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Solution First, we enter the data as follows:

XIZO

x4 =6

V= 333 Xy = 2 Y = 917 X3

vy = 2117 xs =8 ys = 2667 Xe = 10

=4

5 = 1500
Ve = 3292

Then, using the linear regression function from the statistics menu, we obtain the
output shown in Figure T2. Therefore, an equation of the least-squares line is

Excel

y = 295¢ + 328

Excel can be used to find an equation of the least-squares line for a set of data and to
plot a scatter diagram and the least-squares line for the data.

EXAMPLE 3 Find an equation of the least-squares line for the data given in the fol-

lowing table:

X 1.1

y —5.8

23

—5.1

32 4.6 5.8 6.7

—4.8 —4.4 —-3.7 —32

8.0

—2.5

Plot the scatter diagram and the least-squares line for these data.

Solution

1. Set up a table of values in two columns on a spreadsheet (Figure T3).

2. Plot the scatter diagram. Highlight the numerical values in the table of values.
Follow the procedure given in Example 3, page 24, selecting the first chart sub-
type instead of the second from the Scatter chart type. The scatter diagram will

appear.

3. Insert the least-squares line. Select the tab, and click on in

the Analysis group. Next, click on | More Trendline Options...| in the same

subgroup. In the Format Trendline dialog box that appears, click on

[ Display Equation on chart|.

y = 0.4606x — 6.3

and the least-squares line will appear on the chart (Figure T4).

0

Scatter diagram and least-squares line
2 4 6 8

y =0.4606x - 6.3

10

The following example requires the Analysis ToolPak. Use Excel’s Help function
to learn how to install this add-in.

Note: Boldfaced words/characters enclosed in a box (for example, ) indicate that an action (click, select, or press) is
required. Words/characters printed blue (for example, Chart sub-type:) indicate words/characters that appear on the screen.
‘Words/characters printed in a monospace font (for example, = (—2/3) *A2+2) indicate words/characters that need to be typed

and entered.

-

(continued)
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APPLIED EXAMPLE 4 Demand for Electricity According to Pacific Gas
and Electric, the nation’s largest utility company, the demand for
electricity from 1990 through 2000 is summarized in the following table:

t 0 2 4 6 8 10

y 333 917 1500 2117 2667 3292

Here, t = 0 corresponds to 1990, and y gives the amount of electricity in year ¢,

A B measured in megawatts. Find an equation of the least-squares line for these data.
1 t y
2 0 333 Solution
3 2 917 )
7 p 1500 1. Set up a table of values on a spreadsheet (Figure TS).
5 6 2117 2. Find the equation of the least-squares line for the data. Click on
6 8 2667 Data Analysis |in the Analysis group of the Data tab. In the Data Analysis
7 10 3292 dialog box that appears, select | Regression |, and then click [OK |. In the

FIGURE T5 Regression dialog box that appears, select the | Input Y Range:| box, and

Table of values for xand y then enter the y-values by highlighting cells B2:B7. Next select the

box, and enter the x-values by highlighting cells A2:A7.

Click [OK], and a SUMMARY OUTPUT worksheet will appear. In the third

table, you will see the entries shown in Figure T6. These entries give the value

Coefficients
Intercept 328.4761905
X Variable 1 | 295.1714286

of the y-intercept and the coefficient of x in the equation y = mx + b. In our

example, we are using the variable ¢ instead of x, so the required equation is
FIGURE T6
Entries in the SUMMARY OUTPUT box y = 295t + 328 ]

TECHNOLOGY EXERCISES

In Exercises 1-4, find an equation of the least-squares line for the
given data.

1.

Year, x 0 1 2 3 4 5

Sales, y 2.65 3.29 4.08 5.29 6.37 7.79

x 21 34 47 56 68 7.2

y 88 121 148 169 198 211 a. Find an equation of the least-squares line for these data.

b. Use the result to estimate Starbucks sales for 2009,
assuming that the trend continued.

2.
d 11 24 3.2 4.7 5.6 72 Source: Company Reports.
—05 12 24 44 37 81 6. MopEeLing WitH DaTta The projected number of computers
(in millions) connected to the Internet in Europe from 1998
L o0 Zi1 o1 14 25 4. 5.1 through 2002 is summarized in the following table (x = 0
y 6.2 47 35 19 04 —14 -25 corresponds to the beginning of 1998):
Year, x 0 1 2 3 4
4. x —1.12 0.1 1.24 2.76 4.21 6.82 Net-Connected
7.61 49 274 —0.47 —351 —8.94 Computers, y 21.7 32.1 45.0 58.3 69.6
5. MopeLing Wit Data According to Company Reports, a. Find an equation of the least-squares line for these data.
Starbucks annual sales (in billions of dollars) for 2001 b. Use the result of part (a) to estimate the projected number
through 2006 are as follows (x = 0 corresponds to 2001): of computers connected to the Internet in Europe at the

beginning of 2005, assuming that the trend continued.

Source: Dataquest, Inc.

-
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7. MopeLing WitH Data According to data from the Council
on Environmental Quality, the amount of waste (in mil-
lions of tons per year) generated in the United States from
1960 to 1990 was as follows:

Year 1960 1965 1970 1975
Amount, y 81 100 120 124
Year 1980 1985 1990

Amount, y 140 152 164

(Let x be in units of 5 and let x = 1 represent 1960.)

a. Find an equation of the least-squares line for these data.

b. Use the result of part (a) to estimate the amount of waste
generated in the year 2000, assuming that the trend con-
tinued.

Source: Council on Environmental Quality.

8. MobeLing WitH Data More and more travelers are pur-
chasing their tickets online. According to industry projec-
tions, the U.S. online travel revenue (in billions of dollars)
from 2001 through 2005 is given in the following table
(t = 0 corresponds to 2001):

Year, ¢ 0 1 2 3 4
Revenue,y 16.3 21.0 25.0 28.8 327

a. Find an equation of the least-squares line for these data.
b. Use the result of part (a) to estimate the U.S. online
travel revenue for 2006.

Source: Forrester Research, Inc.

SUMMARY OF PRINCIPAL FORMULAS AND TERMS 63

9. MopeLing WitH Data According to the U.S. Department of
Energy, the consumption of energy by countries of the
industrialized world is projected to rise over the next
25 years. The consumption (in trillions of cubic feet) from
2000 through 2025 is summarized in the following table:

Year 2000 2005 2010 2015 2020 2025
Consumption,y 214 225 240 255 270 285

(Let x be measured in 5-year intervals, and let x = O repre-

sent 2000.)

a. Find an equation of the least-squares line for these data.

b. Use the result of part (a) to estimate the energy con-
sumption in the industrialized world in 2012.

Source: U.S. Department of Energy.

10. MopeLing WitH Data With an aging population, the
demand for health care, as measured by outpatient visits, is
steadily growing. The number of outpatient visits (in mil-
lions) from 1991 through 2001 is recorded in the following

table (x = 0 corresponds to 1991):

Year, x 0 1 2 3 4 5 6 7 8 9 10

Number of
Visits, y 320 340 362 380 416 440 444 470 495 520 530

a. Find an equation of the least-squares line for these data.
b. Use the result of part (a) to estimate the number of out-
patient visits in 2004, assuming that the trend continued.

Source: PriceWaterhouse Coopers.

@;/\2i380 Summary of Principal Formulas and Terms

FORMULAS

1. Distance between two points

2. Equation of a circle

3. Slope of a nonvertical line m = 2N
X2 — X

4. Equation of a vertical line xX=a

5. Equation of a horizontal line y=>b

£

Point-slope form of the equation
of a line

7. Slope-intercept form of the equation
of a line

y=mx+b

8. General equation of a line

y =y =mx—x)

Ax+By+C=0

d= \/(xz - x1)2 + (. - )’1)2
(v = hf + O = kf = r?
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TERMS

Cartesian coordinate system (2) dependent variable (28) demand function (31)
ordered pair (2) domain (28) supply function (32)
coordinates (3) range (28) break-even point (41)
parallel lines (12) linear function (28) market equilibrium (43)
perpendicular lines (14) total cost function (30) equilibrium quantity (43)
function (28) revenue function (30) equilibrium price (43)
independent variable (28) profit function (30)

@\ Concept Review Questions

Fill in the blanks. b. An equation of the line that has slope m and y-intercept
bis . It is called the form of an equation of

1. A point in the plane can be represented uniquely by a/an

pair of numbers. The first number of the pair is a line.
called the __, and the second number of the pair is 8. a. The general form of an equation of a line is
called the : b. If a line has equation ax + by + ¢ = 0 (b # 0), then its
2. a. The point P(a, 0) lies on the axis, and the point slopeis
P(0, b) lies on the axis. 9. A linear function is a function of the form f(x) =
b. If the point P(a, b) lies in the fourth quadrant, then the
point P(—a, b) lies in the quadrant. 10. a. A demand function expresses the relationship between
the unit and the quantity of a commodity.
3. The distance between two points P(a, b) and P(c, d) is The graph of the demand function is called the
_ curve.
4. An equation of a circle with center C(a, b) and radius r is b. A supply function expresses the relationship between
given by ) the unit and the quantity of a commodity.
The graph of the supply function is called the
5. a. If Py(xy, y;) and P,(x,, y,) are any two distinct points curve.

on a nonvertical line L, then the slope of L is m =
11. If R(x) and C(x) denote the total revenue and the total cost

incurred in manufacturing x units of a commodity, then the
solution of the simultaneous equations y = C(x) and y =
R(x) gives the point.

b. The slope of a vertical line is
c. The slope of a horizontal line is
d. The slope of a line that slants upward is

6. If L, and L, are distinct nonvertical lines with slopes m, 12. The equilibrium quantity and the equilibrium price are

and m,, respectively, then: L, is parallel to L, if and only if found by solving the system composed of the ____ equa-
;and L, is perpendicular to L, if and only if ) tion and the ____ equation.
7. a. An equation of the line passing through the point
P(x;, y;) and having slope m is . It is called the
form of an equation of a line.
V2R Review Exercises
In Exercises 1-4, find the distance between the two points. In Exercises 5-10, find an equation of the line L that passes
1. (2, 1) and (6, 4) 2. (9, 6) and (6, 2) through the point (-2, 4) and satisfies the given condition.
5. L is a vertical line. 6. L is a horizontal line.

3. (=2, —3)and (1, =7) 4. (% \/§> and <—% 2\@)

7
7. L passes through the point (3, E)

-
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12.

13.

14.

15.

1172710 10:35 AM Page 6>

. The x-intercept of L is 3.

. L is parallel to the line 5x — 2y = 6.
10.
11.

L is perpendicular to the line 4x + 3y = 6.

Find an equation of the line with slope —3 and y-intercept
=3

Find the slope and y-intercept of the line with equation
3x — S5y = 6.

Find an equation of the line passing through the point (2, 3)
and parallel to the line with equation 3x + 4y — 8 = 0.

Find an equation of the line passing through the point
(—1, 3) and parallel to the line joining the points (—3, 4)
and (2, 1).

Find an equation of the line passing through the point
(—2, —4) that is perpendicular to the line with equation
2x —3y—24=0.

In Exercises 16 and 17, sketch the graph of the equation.

16.
18.

19.

20.

21.

22,

3x — dy =24 17. —2x+ 5y =15

SaLes oF MP3 PLavers Sales of a certain brand of MP3
players are approximated by the relationship

S(x) = 6000x + 30,000 (0 =x=>5)

where S(x) denotes the number of MP3 players sold in year
x (x = 0 corresponds to the year 2007). Find the number of
MP3 players expected to be sold in 2012.

CompaNY SALEs A company’s total sales (in millions of

dollars) are approximately linear as a function of time (in

years). Sales in 2006 were $2.4 million, whereas sales in

2011 amounted to $7.4 million.

a. Letting x = 0 correspond to 2006, find a function giv-
ing the company’s sales in terms of x.

b. What were the sales in 20097

Show that the triangle with vertices A(1, 1), B(5, 3), and
C(4, 5) is a right triangle.

Crark’s RuLe Clark’s Rule is a method for calculating pedi-
atric drug dosages based on a child’s weight. If a denotes
the adult dosage (in milligrams) and if w is the child’s
weight (in pounds), then the child’s dosage is given by

aw
D = —
) =150
a. Show that D is a linear function of w.
b. If the adult dose of a substance is 500 mg, how much
should a 35-1b child receive?

Linear DepreciaTioN An office building worth $6 million
when it was completed in 2010 is being depreciated lin-
early over 30 years with a scrap value of $0.

a. What is the rate of depreciation?

b. What will be the book value of the building in 2020?

v

23.

24,

25.

26.
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Linear DepreciaTion In 2006 a manufacturer installed a

new machine in her factory at a cost of $300,000. The

machine is depreciated linearly over 12 years with a scrap

value of $30,000.

a. What is the rate of depreciation of the machine per year?

b. Find an expression for the book value of the machine in
yeart (0 =1 = 12).

ProriT FuncTions A company has a fixed cost of $30,000

and a production cost of $6 for each disposable camera it

manufactures. Each camera sells for $10.

a. What is the cost function?

b. What is the revenue function?

¢. What is the profit function?

d. Compute the profit (loss) corresponding to production
levels of 6000, 8000, and 12,000 units, respectively.

Demanp EquaTions There is no demand for a certain com-
modity when the unit price is $200 or more, but the demand
increases by 200 units for each $10 decrease in price below
$200. Find the demand equation and sketch its graph.

SuppLy EquaTions Bicycle suppliers will make 200 bicycles
available in the market per month when the unit price is $50
and 2000 bicycles available per month when the unit price is
$100. Find the supply equation if it is known to be linear.

In Exercises 27 and 28, find the point of intersection of the lines
with the given equations.

27.

28.

29.

30.

31.

3x + 4y = —6and 2x + 5y = —11
3
y=1x+6and3x—2y+3=0

Break-EVen AnaLysis The cost function and the revenue
function for a certain firm are given by C(x) = 12x +
20,000 and R(x) = 20x, respectively. Find the break-even
point for the company.

Marker EquiLiBrium Given the demand equation 3x +
p — 40 = 0 and the supply equation 2x — p + 10 = 0,
where p is the unit price in dollars and x represents the
quantity demanded in units of a thousand, determine the
equilibrium quantity and the equilibrium price.

CoLLece Apmissions The accompanying data were com-
piled by the Admissions Office of Carter College during
the past 5 years. The data relate the number of college
brochures and follow-up letters (x) sent to a preselected list
of high school juniors who took the PSAT and the number
of completed applications (y) received from these students
(both measured in thousands).

Brochures Sent, x 1.8 2 32 4 4.8
Applications Completed, y 0.4 0.5 0.7 1 1.3

a. Derive an equation of the straight line L that passes
through the points (2, 0.5) and (4, 1).

b. Use this equation to predict the number of completed
applications that might be expected if 6400 brochures
and follow-up letters are sent out during the next year.
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32. MarkeT EquiLiBrium The demand equation for the Edmund 34. MopeLing WitH Data The Census Bureau projections of

838

compact refrigerator is 2x + 7p — 1760 = 0, where x is the
quantity demanded each week and p is the unit price in
dollars. The supply equation for these refrigerators is 3x —
56p + 2680 = 0, where x is the quantity the supplier will

female life expectancy at age 65 in the United States are
summarized in the following table (x = O corresponds to
2000):

make available in the market when the wholesale price is Year, x 0 10 20 30 40 50
p dollars each. Find the equilibrium quantity and the equi- Years beyond
65,y 195 200 206 212 218 224

librium price for the Edmund compact refrigerators.

MopEeLing WitH Data The average hourly salary (in dol-
lars) of hospital nurses in metropolitan Boston from 2000
through 2004 is given in the following table (x = O corre-
sponds to 2000):

Year 2000 2001 2002 2003 2004
Hourly Salary, y 27 29 31 32 35

a. Find an equation of the least-squares line for these data.
b. If the trend continued, what was the average hourly
salary of nurses in 20067

Source: American Association of Colleges of Nursing.

a. Find an equation of the least-squares line for these data.

b. Use the result of part (a) to estimate the life expectancy

at 65 of a female in 2040. How does this result compare
with the given data for that year?

c. Use the result of part (a) to estimate the life expectancy
at 65 of a female in 2030.

Source: U.S. Census Bureau.

The problem-solving skills that you learn in each chapter are building blocks for the rest of the course. Therefore, it is a good idea to make
sure that you have mastered these skills before moving on to the next chapter. The Before Moving On exercises that follow are designed for
that purpose. After taking this test, you can see where your weaknesses, if any, are. Then you can log in at login.cengagebrain.com where
you will find a link to CourseMate. Here, you can access additional Concept Quiz and Concept Review modules.

If you feel that you need additional help with these exercises, at this Website you can also use Tutorial Example Videos.

CHAPTER 1

Before Moving On.. ..

. Plot the points A(—2, 1) and B(3, 4) on the same set of

axes, and find the distance between A and B.

. Find an equation of the line passing through the point

(3, 1) and parallel to the line 3x —y — 4 = 0.

. Let L be the line passing through the points (1, 2) and

(3, 5). Is L perpendicular to the line 2x + 3y = 10?

. The monthly total revenue function and total cost function

for a company are R(x) = 18x and C(x) = 15x + 22,000,
respectively, where x is the number of units produced and
both R(x) and C(x) are measured in dollars.

a. What is the unit cost for producing the product?
b. What is the monthly fixed cost for the company?
c. What is the selling price for each unit of the product?

. Find the point of intersection of the lines 2x — 3y = —2

and 9x + 12y = 25.

. The annual sales of Best Furniture Store are expected to be

given by S; = 4.2 + 0.4t million dollars ¢ years from now,
whereas the annual sales of Lowe’s Furniture Store are
expected to be given by S, = 2.2 + 0.8¢ million dollars ¢
years from now. When will Lowe’s annual sales first sur-
pass Best’s annual sales?





